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1 INTRODUCTION

DRIFT [1, 2, 3, 4] is a dense gas dispersion model for ground-based continuously and instanta-
neously released clouds. The model was developed for the Health and Safety Executive (HSE)
to aid in the assessment of major loss of containment accidents for the UK regulatory regime
(COMAH) and the land-use planning regime. In this report we indicate how the DRIFT model
equations can be extended to cover situations where buoyancy results in the lift-off and rise of the
contaminant cloud from the ground.

A main motivation for this work is the modelling of hydrogen fluoride (HF) dispersion. However,
buoyant rise may also occur for spills of other substances which are either intrinsically buoyant or
become buoyant. Examples are liquefied natural gas (LNG), which may become buoyant due to
heat transfer from the ground, and liquefied ammonia which has an additional heat contribution
from its heat of mixing with water. It is intended that the resultant model may also be applied to
these situations.

The need to consider the lift-off phase for HF released under low wind speed conditions was
demonstrated by studies under the EU URAHFREP project [5]. That project considered a wide
range of aspects affecting the behaviour of HF releases, including complex thermodynamics and
buoyant lift-off. Studies under URAHFREP [6], employing simple models, demonstrate the po-
tential for extending DRIFT-like models to describe plume lift-off behaviour. URAHFREP also
included wind-tunnel studies on the lift-off behaviour of buoyant puffs and plumes [7, 8], yielding
useful data for developing/validating models.

Although the DRIFT was modified under URAHFREP, this related mainly to changes in the ther-
modynamic model, enhanced dilution of the ground based cloud and a revised ‘lift-off criterion’
value. These changes extended the usefulness of the model, and indicate that lift-off is expected
to occur for cloud sizes encountered in risk assessments of HF facilities. However, in order to
quantify the potential reduction in hazard range due to lift-off, the ground based dispersion model
DRIFT needs extending to include elevated buoyant plume and puff dispersion.

The steps for inclusion of such elevated dispersion models within DRIFT are broadly:

1. Model Specification - Writing down the model equations.

2. Coding - Implementation within the computer code DRIFT.

3. Verification - Testing the equations are correctly implemented.

4. Validation - Testing the validity against URAHFREP and other relevant data.

This report concerns the initial specification for step 1. Model development is an iterative process
and it is possible, likely even, that modification to these specified equations may be required as a
result of findings during the subsequent development phases.

This report is structured as follows:

Section 1. Introduction.

Section 2. Buoyant Lift-Off and Rise. A summary of buoyant lift-off and rise relevant to ex-
tending DRIFT.

Section 3. Atmosphere. Changes to DRIFT’s atmospheric model.
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Section 4. Instantaneous Model. Changes to DRIFT’s instantaneous model.

Section 5. Continuous Model. Changes to DRIFT’s continuous model.

Section 6. Thermodynamics. Changes to DRIFT’s thermodynamics model.

Section 7. Discussion.

Appendix A. Atmospheric Temperature Profiles. Relations between temperature and potential
temperature.

Appendix B. Wheatley’s Elevated Passive Model. Details of the extension of Wheatley’s pas-
sive model to elevated sources.

During the course of this work it has become clear that the close integration of the elevated and
ground-based dispersion models as specified here could also be extended to include jet-phase
dispersion. Jet dispersion is currently included by running a separate model EJECT [9, 10, 11].
The scope of step 1 has therefore been extended to include jet momentum effects directly within
DRIFT. This momentum jet extension of DRIFT’s equations is included also within this report.

2



2 BUOYANT LIFT-OFF AND RISE

In this section we summarise previous work on modelling of buoyant lift-off and rise. This is not
intended to form a comprehensive review of all available approaches, but to concentrate on those
most relevant to extending DRIFT. It is useful here to consider separately the process of lift-off, by
which we mean the transition from ground-based to elevated cloud, from the process of buoyant
rise of a completely elevated cloud.

2.1 BUOYANT LIFT-OFF

2.1.1 Continuous releases

Buoyant lift-off models are reviewed in [12]. For a buoyant cloud to lift-off1 it is necessary for the
vertical rate of rise of the cloud to exceed the vertical rate of growth. Briggs [13] discussed these
competing effects and introduced the idea of a ‘critical lift-off’ parameter to mark the boundary
between ground-based buoyant and lifted-off buoyant clouds. Clouds with Richardson number
Ri∗ much less than the critical value are assumed to remain ground-based, whereas those with
much higher values are assumed to lift-off. Here

Ri∗ =
g(ρa − ρ)H

ρau2
∗

(2.1.1)

H is the vertical extent of the cloud, g the acceleration due to gravity, u∗ is the friction velocity, ρ
is the cloud density and ρa the air density. Briggs [13] initially estimated a critical value of 2 for
plumes, but is understood [12] to have revised this to 29 in a subsequent unpublished paper.

Wind-tunnel experiments (e.g. those of Hall et al. [8]) indicate a smooth transition between
ground-based and lifted-off plumes. Hanna et al. [14] provide a simple continuous model, based
upon a fit to the warehouse fire wind-tunnel experiments of Hall et al. [15, 16]. However, the
applicability of this approach to non-buoyancy conserving flows (as for HF) is very questionable.

Comparison of the predictions of a simple integral plume model [6] with the wind-tunnel experi-
ments of Hall et al. [8] indicates good agreement for all but the wide sources. This simple integral
model includes the effect of the ground merely as a truncation of the plume cross-section. For the
wide sources the simple integral model over-predicts lift-off and modifications to suppress lift-off
using the vertical momentum equation were found to have a detrimental effect on concentration
predictions. This detrimental effect was believed to be due to the direct coupling between the
vertical plume velocity and the ‘buoyant’ entrainment term. Alternative methods of suppressing
plume rise from wide sources are required.

[6] also derived a buoyant correction to entrainment that is included within DRIFT’s ground-based
model. This buoyant correction is numerically similar to other published models [17, 18] and fits
the URAHFREP data of Hall et al. [8]. DRIFT uses this buoyant correction up to a Richardson
number where the URAHFREP data indicates that the wind-tunnel plumes completely lift-off.

Ott [19] also presents an integral plume model with the cross-section truncated by the ground.
Conceptually Ott’s model is similar to the simple integral model in [12], although it includes HF
thermodynamics, a more sophisticated passive model and includes ‘added mass’ in the vertical
momentum equation. Ott’s model compares favorably with the URAHFREP field trial data [19],

1By ‘lift-off’ here we mean the rise of the concentration maximum from ground-level
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although it is recognised this data is dominated by passive behaviour. Ott’s model was not com-
pared with the URAHFREP wind-tunnel data. [19] suggests an alternative ‘added mass’ model
that might provide a mechanism for suppressing lift-off of ground-based clouds.

EJECT [9] is a momentum jet model which includes HF thermodynamics and may be used as a
source term for DRIFT. EJECT includes an elevated jet model that can in principle model buoyant
as well as dense jets. When the elevated jet impinges on the ground, a sudden transition is made to
a ground-based jet model [10], or if the jet has slowed sufficiently, EJECT writes a DRIFT input
file. EJECT’s ground-based jet model includes a buoyant enhancement based on that given in [6].
However, EJECT does model elevated passive plumes and there is no provision for the grounded
plume to lift-off.

2.1.2 Instantaneous releases

There is little information available for modelling the transition from ground based to elevated
puffs.

Briggs [13] argues that the ‘critical lift-off parameter’ for puffs should be about 50% higher than
for plumes due to the more diffusive inflow, but as acknowledged by Briggs, the arguments leading
to this are somewhat speculative.

The URAHFREP experiments of Hall et al. [7] on buoyant puffs provide data on lift-off of short
duration buoyant releases. These experiments show the increased variability of puffs as compared
with continuous plumes. The URAHFREP puff experiments may be useful for model validation
purposes, however a priori it is difficult to construct a mathematical model of puff lift-off directly
from these.

2.2 BUOYANT RISE

2.2.1 Continuous releases

Due to the wide variety of applications, there are many published models and reviews covering
the elevated dispersion of buoyant plumes (see e.g. [20]). Often plume rise is calculated to deter-
mine the effective source height for subsequent passive dispersion ignoring passive dilution during
the rise phase. Many integral models use the same entrainment models for jets and plumes, al-
though some differ (e.g. the model of Schatzmann [21] includes a densimetric Froude number
dependence). Only a few models specifically include HF thermodynamics (see e.g. [18, 22, 9]).

Rising buoyant plumes have a characteristic kidney shaped cross-section resulting from the estab-
lishment of counter-rotating vortices. These vortices are efficient at mixing air with the plume.
Most integral plume models include the effect of this enhanced mixing via empirical ‘cross-flow’
entrainment terms, but do not model the distortion of the cross-section, assuming axisymmetry.

In stable atmospheric conditions buoyant rise will be limited due to the decreasing atmospheric
density with height. Conversely in unstable conditions buoyant rise may be enhanced. To account
for this it is necessary to include the variation of temperature with height. Even though the effect
on absolute temperature is small, the vertical gradient of atmospheric pressure affects the density
gradient and hence the static stability. Plume rise models usually account for this by using potential
temperature2 in place of temperature.

2Potential temperature is defined as the temperature of the air if taken isentropically to a reference pressure
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Unstable conditions are characterised by thermal up-drafts, balanced by down-drafts. This can
lead to looping behaviour of elevated plumes, with the down-drafts bringing higher concentrations
to the surface. In Gaussian passive dispersion models this effect can be included empirically by
an increase in the standard deviation, σz of the vertical concentration. However, the instantaneous
plume profile is less spread than this and including the enhanced vertical spread as a dilution can
lead to buoyant plume rise being under-predicted [19].

Ground-based dispersion generally occurs within the lowest 10% of the atmospheric boundary
layer - called the surface layer. DRIFT [1, 2] currently uses atmospheric profiles of wind speed
and diffusivity in this layer. Buoyant releases may rise above the surface layer into the rest of the
turbulent boundary layer. Scaling models exist for the whole boundary layer, but these are less
well established than for the surface layer. [23] presents atmospheric profiles of wind speed and
diffusivity based on scaling regions above the surface layer.

Generally dispersing material is trapped within the turbulent atmospheric boundary layer. [24]
presents a model for dispersion from very buoyant sources, as might occur in large fires, including
a model for plume penetration of an elevated inversion above the boundary layer. The passive
dispersion models ADMS [25] and AERMOD [26] also include models for predicting buoyant
penetration of an elevated inversion. These models require information on the strength of the
elevated inversion.

2.2.2 Instantaneous releases

The literature on the rise of buoyant puffs is much less extensive than buoyant plumes. The be-
haviour of buoyant puffs has been studied by Richards [27, 28] and later Turner [29, 30, 31, 32, 33]
who developed an integral model based on an entrainment hypothesis (relating the dilution of the
puff to its vertical velocity). Turner’s integral model forms the basis of fireball rise models [34],
dispersion models from open-burn and explosives detonation (e.g. [35, 36]), elevated dense puff
models [17] and chemically reacting puff models [37] (e.g. for UF6 dispersion). Deaves and
Hebden [38] also review puff models in the context of dispersion following explosive releases.

Turner’s model includes ‘added mass’ and in [31] he shows that a buoyant vortex model can be
written in terms of an entraining spheroidal puff if added mass is included. Others, as indicated in
[34], do not include added mass.

Generally the integral models for buoyant puff rise adopt uniform (top-hat) profiles and do not
include the effects of ambient turbulence. Also the models assume that the puff is initially elevated
and do not model lift-off behaviour or interaction with the ground.

2.3 PASSIVE DISPERSION

2.3.1 Wheatley’s model

The DRIFT passive model is based on that of Wheatley [39]. Wheatley’s model is for the diffusion
of a passive puff released at the ground into a turbulent stratified shear flow. The model for mixing
in the vertical is based on gradient-transfer or ‘K-theory’ and is an approximate solution of the
diffusion equation for arbitrary power law profiles of atmospheric diffusivity and wind speed. The
model accounts for the effect of wind shear and vertical mixing on longitudinal diffusion and
distortion of the puff. The diffusivity and wind speed profiles adopted by DRIFT are those due
of Businger [40]. A Gaussian model is adopted for horizontal dispersion using an approach due
to Pasquill and Smith which relates the rate of lateral puff growth to the cross-wind turbulence
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intensity. Wheatley’s approximate solution has vertical concentration profiles of the general form

Fv(z) = exp [−(z/a)s] (2.3.1)

where s is related to the power law index for diffusivity and a is a measure of the vertical extent.
The vertical profile is Gaussian (s = 2) when the diffusivity is constant with height (which is not
the case near the ground) and exponential (s = 1) in neutral atmospheric stability.

Appendix 6 of [39] shows how Wheatley’s passive model may be generalised for an elevated point
source. The solution for the elevated source is more complex than for the ground-level source,
but may be written in terms of the modified Bessel function of the first kind Iν and the confluent
hypergeometric function M.3 For constant diffusivity and wind speed, the elevated passive model
is exactly equivalent to a Gaussian model with reflection at the ground.

The solution given by Wheatley is for a no-flux boundary condition at the ground. In Appendix B
we show that solution under more generalised boundary conditions is possible, e.g. to include a
no-flux boundary condition at the mixing height, or to allow flux from the boundaries. However,
the solutions with such generalised boundary conditions no longer appear to be readily expressible
in terms of special functions and require numerical solution.

Brown et al. [41] compared the predictions of a K-theory model with field and laboratory mea-
surements for both ground-level and elevated passive sources. The K-theory model evaluated by
Brown et al. is almost identical to Wheatley’s elevated passive solution. They found that the K-
theory model over-predicted vertical mixing near elevated sources, but performed much better for
ground-level sources. As discussed by [41], the relatively poor behaviour for the elevated source
is believed to arise because of a limitation of K-theory models which require the vertical extent of
the plume to be comparable to the largest eddy size driving the dilution. This is the reason that the
K-theory passive model of Nikmo et al. [23] adopts a Gaussian model dispersion model close to
the source.

2.3.2 Relative and absolute dispersion

The lateral passive spreading of the plume as specified in [1] is based on the spreading of an in-
stantaneous release [39]. This model is one for so-called relative diffusion, which governs the
growth in the relative separation between dispersing particles. This is distinct from absolute diffu-
sion which relates to the observed growth in a fixed frame. Comparison of this spreading rate with
the spreading rate from URAHFREP field trial data [19] confirms this, with the predicted spread
closely matching the observed ‘moving frame’ average where the meander of the centroid location
has been subtracted.

As discussed by Ott and Jørgensen [42, 19] a model based on relative diffusion has a number of
advantages:

• Relative diffusive spread seems to be more amenable to fitting spreading as a universal
function of u∗ independent of other meteorological parameters e.g. stability.

• Plume meander depends on larger scale motions that are more difficult to characterise and
scale.

• Inclusion of the effects of plume meander as a dilution can give misleading results, e.g.
for flammability, for cloud thermodynamics or for buoyancy induced rise.

3There are some typographic errors in Appendix 6 of [39]. We correct these in Appendix B of this report.
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For determining some hazards, e.g. toxic dose at fixed receptor locations, it is desirable to include
the effect of plume meander. To compare with measurements from fixed chemical receptors in
the URAHFREP field trials, DRIFT was modified to include a ‘time averaging’ option using an
absolute lateral spreading rate due to Draxler and a t0.2s scaling with averaging time ts. The
minimum spreading, corresponding to a short averaging time, was taken to be the ‘instantaneous’
value given by the relative diffusion form. For further details reader is referred to [43]. In the
absence of a specified averaging time, DRIFT’s default is still to use the ‘instantaneous’ spreading
rate corresponding more closely to relative diffusion. A disadvantage of the approach adopted
in [43] is that the meander is treated as a dilution potentially affecting the thermodynamic and
predicted lift-off behaviour.

Nielsen et al. [44] present an alternative meander model, based on modern high quality lidar
data, and developed under the EU COFIN Project. Their model has the advantage that it includes
asymptotic scaling behaviour that is observed in experiments. However, there is considerable scat-
ter observed between different experiments. This scatter is inherent in the experiments, reflecting
non-stationarity of the meander due to changing atmospheric conditions.

2.3.3 Convective boundary layer

In convective atmospheric conditions the cloud may be transported in updrafts or downdrafts.
The downward transport of an elevated plume may be greatly enhanced under such conditions.
Gaussian passive dispersion models such as ADMS [45] and AERMOD [26] model this using non-
Gaussian vertical distributions based on bi-Gaussian PDF models for vertical velocity fluctuations.
Including this as additional vertical spread within DRIFT is not straightforward - as for lateral
meander there is the danger that the implied dilution will not be appropriate for modelling the
thermodynamic behaviour, also integration of the bi-Gaussian distributions with DRIFT’s existing
profiles is a difficulty. As pointed out by Ott [19], an alternative is to undertake multiple model
runs by sampling the vertical velocity w from a suitable probability distribution.

2.4 RECOMMENDATIONS

Based on the above review we make the following recommendations:

• To extend DRIFT’s atmospheric profiles to apply also to above the surface layer, but
within the mixing layer.

• To include atmospheric temperature and humidity profiles consistent with stability.

• To assume that contaminant is trapped within the mixing layer. This may need to be
reviewed for very buoyant releases.

• To base the elevated plume model equations on the models of Ott [19] and Tickle et al.
[9].

• To aim for a smooth transition between ground based and elevated phases. This would be
helped by moving towards a single ‘unified’ model which evolves between ground-based
and elevated phases. It would be advantageous for this to also include the momentum jet
phase.

• To model lift-off based on a ‘free’ buoyant model, accounting for the effect of the ground
simply as a truncation of the cloud perimeter.
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• To include ‘added mass’ terms in the vertical momentum equations since they provide the
possibility of refinement to suppress buoyant rise for wide sources without detrimentally
affecting dilution. This will require further investigation during the validation stage.

• To base passive dispersion on relative diffusion (except where specified by K-theory) and
to include the effects of meander separately (possibly in post-processing).

• To make a transition from the DRIFT’s K-theory passive model for ground-based clouds
to a Gaussian passive model for elevated clouds.

The above recommendations are used to guide the model development specified in the subsequent
sections of this report.
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3 ATMOSPHERE

The atmospheric profiles currently incorporated within DRIFT apply to the lowest 10% of the
atmospheric boundary layer (ABL). This lowest layer is called the surface layer (SL). Ground-
based dense gas dispersion generally occurs within the SL and in this circumstance adoption of
atmospheric profiles based on SL scaling is appropriate. Buoyant clouds, however, may lift from
the ground and rise above the surface layer. To cover this circumstance it is necessary to extend
DRIFT’s atmospheric profile model to be applicable also to the ABL above the surface layer.

The rise of buoyant clouds is influenced by the ambient density profile which is related to the
profile of temperature, pressure (and humidity). Humidity also potentially affects cloud buoyancy
by virtue of latent heat and heat of mixing. Hence it is necessary to account for the variation of
temperature and humidity (and the influence of changing pressure on these).

The following extensions to DRIFT’s atmospheric profiles are judged to be necessary:

• Inclusion of profiles of temperature and humidity.

• Extension to include also the ABL region above the surface layer.

The following sections provide a specification of these extensions.

3.1 SCALING REGIONS IN THE ATMOSPHERIC BOUNDARY LAYER

The ABL is modelled using a scaling approach as given in [23]. The boundary layer model
assumes horizontal homogeneity. The scaling lengths are the boundary layer height h and the
Monin-Obukhov length La. The different scaling regions of the ABL are illustrated in Figure 3.1.

3.1.1 Surface layer

The surface layer (SL) occupies approximately the lowest 10% of the ABL. In this layer quantities
scale according to the height z, the surface stress w′u′0 and the surface heat flux w′θ′0. From these
the following scaling parameters can be defined for velocity, temperature and length:

u∗ =
√
w′u′0 (3.1.1)

θ∗ = −w′θ′0/u∗ (3.1.2)
La = u∗

2θ0/κgθ∗ (3.1.3)

w′ is the vertical velocity fluctuation, u′ the horizontal along-wind velocity fluctuation and θ′ is the
potential temperature fluctuation, κ is the von Karman constant, subscript 0 refers to the ground
surface value.

3.1.2 Near neutral upper layer

The near neutral upper layer (NNUL) is characterised by the same scaling parameters as the sur-
face layer.
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3.1.3 Free convection layer

The free convection layer (FCL) occurs in unstable conditions only and is characterised by the
height z and the surface heat flux w′θ′0. The characteristic velocity scale is the free convective
velocity

wf = 3

√
−w′θ′0gz

θ0
(3.1.4)

3.1.4 Mixed layer

The mixed layer (ML) occurs in unstable conditions only and is characterised by the boundary
layer height h and the surface heat flux w′θ′0. The characteristic velocity scale is

w∗ = 3

√
−w′θ′0gh

θ0
(3.1.5)

3.1.5 Entrainment layer

The entrainment layer is influenced by air above the ABL. No scaling parameters are available for
this region.

3.1.6 Local scaling layer

The local scaling layer (LSL) occurs in stable conditions only and is characterised by the height z
and the local stress w′u′ and local heat flux w′θ′ resulting in a local characteristic length scale, Λ
which may be related to the Monin-Obukhov length La [23]

Λ = Laz̃
α3 (3.1.6)

z̃ = 1− z − zSL
h− zSL

(3.1.7)

with α3=5/4.

3.1.7 z-less scaling layer

For large values of z/Λ the vertical motions are strongly suppressed and the scaling becomes
independent of height z.

3.1.8 Intermittency region

In the intermittency region the turbulence is weak and sporadic; according to [23] no satisfactory
theory has been presented for scaling this region.
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3.2 WIND SPEED AND DIFFUSIVITY PROFILES

3.2.1 Surface layer

The vertical gradient of a mean scalar quantity s is according to Monin-Obukhov similarity theory
given by

ds
dz

=
s∗
κz
φs(ξ) (3.2.1)

where s∗ = −w′s′/u∗ is the scale parameter for the scalar s, φs is a function of ξ = z/La.

Integrating (3.2.1) yields

s(z)− s(z0s) =
s∗
κ

[
ln
(
z

z0s

)
− ψs(ξ) + ψm(ξ0s)

]
(3.2.2)

where z0s is the lower limit of integration (surface roughness length of scalar s), ξ0s = z0s/La
and the function ψs is given by

ψs(ξ) =
∫ ξ

0

1− φs(ξ′)
ξ′

dξ′ (3.2.3)

The momentum analogue to (3.2.1) and (3.2.3) yields the wind speed profile

dua
dz

=
u∗
κz
φm(ξ) (3.2.4)

ua(z) =
u∗
κ

[
ln
(
z

z0

)
− ψm

(
z

La

)
+ ψm

(
z0
La

)]
(3.2.5)

where z0 is the surface roughness length.

It is assumed that the transfer of heat and mass are analogous and involve the same transfer func-
tions and roughness lengths, i.e. φ=φh and z0s = z0h. However, these are allowed to differ from
the momentum transfer functions (see below).

The functions ψm, φm, ψh and φh for the surface layer are are those currently adopted by DRIFT
[2, 1], i.e. those of Businger [40] for neutral, stable and unstable with a modification due to Wratt
[46] for very stable conditions z/La > 1.

The vertical diffusivity profile is given by

Kz(z) =
κu∗z

φh(z/La)
(3.2.6)

3.2.2 Wind speed above the surface layer

The surface layer profile functions for wind speed may be applied also for z � |La|, possibly
even up to z = h. For z > La the modification due to Wratt [46] is used. It is noted that for the
range 1 < z/La < 15 this modified form is numerically similar to the van Ulden and Holtslag
function used in [23].
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3.2.3 Vertical diffusivity above the surface layer

Nikmo et al. [23] give empirical functions for determining the vertical diffusivity above the sur-
face layer. The functions used by [23] are based on the model of Yamartino et al. [47] with slight
modifications to remove un-physical discontinuities at the boundaries between the various scal-
ing regions. We follow the same approach, with modifications to account for DRIFT’s slightly
different surface layer profiles.

3.2.3.1 Near neutral upper layer

The diffusivity in the NNUL is assumed to be constant with height, taking a value equal to Kz at
the top of the surface layer.

Kz =
κu∗zSL

φh(zSL/La)
for 0.1 ≤ z/h ≤ 1,−10 < h/La ≤ 1. (3.2.7)

A constant diffusivity implies a constant vertical gradient of temperature and humidity.

3.2.3.2 Free convection layer

Following [23] the boundary between the SL and the FCL is defined by z/La = −1 and

Kz = a1wfz for z/h ≤ 1, z/La < −1. (3.2.8)

where the constant a1 is determined by requiring continuity of Kz across the SL and FCL bound-
ary.

3.2.3.3 Mixed layer

Following [23] the boundary between the NNUL and the ML is defined by h/La = −10. The
diffusivity is independent of height:

Kz = a2w∗zSL for 0.1 ≤ z/h ≤ 1, z/La < −10. (3.2.9)

where the constant a2 is determined by requiring continuity of Kz across the FCL and ML bound-
ary a2 = (zSL/h)1/3.

3.2.3.4 Entrainment layer

In the entrainment layer, Kz is assumed to be 10% of the corresponding value in the NNUL or the
ML [23].
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3.2.3.5 Local scaling layer

The same equations as for the SL are used, except that the surface fluxes are replaced by their local
values,

Kz =
κ
√
τz

φh(z/Λ)
for z/h < 1, h/La > 1, z/Λ ≤ 1. (3.2.10)

τ = u∗
2z̃α1 (3.2.11)

with α1 = 3/2 and z̃ given by (3.1.7).

3.2.3.6 z-less scaling layer

The diffusivity in the z-less scaling layer (ZLL) is the asymptotic value of Kz when z/Λ→∞

Kz =
κ
√
τΛ

φh(1)
for z/h > 0.1, h/La > 1. (3.2.12)

3.2.3.7 Intermittency layer

In the intermittency layer, Kz is assumed to be 10% of the corresponding value at the top of the
underlying layer [23].

3.3 TURBULENT KINETIC ENERGY DISSIPATION RATE

The elevated passive model requires profiles of the turbulent kinetic energy dissipation rate, ε. The
vertical profile of ε is assumed [48] to be

ε =
u3
∗
κz
φε (3.3.1)

with

φε =

{
φm − z/La z/La ≤ 0[
1 + 2.5 (z/La)

0.6
]3/2

z/La > 0
(3.3.2)

Application of (3.3.2) is most soundly based in the surface layer.

3.4 POTENTIAL TEMPERATURE AND HUMIDITY

The potential temperature θ is defined as the temperature of air when brought adiabatically to a
reference pressure. θ is a conserved scalar quantity and, when there is zero heat flux from the
ground, θ is constant with height. As described in Appendix A we may determine the actual
temperature gradient from the potential temperature gradient.
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The gradient and profile of θ are obtained from (3.2.1) and (3.2.3) with the following substitutions:

s → θ

s∗ → θ∗ =
H0

ρaCpau∗
= −u

2
∗Tref

κgLa

z0s → z0h = z0 exp(−κB−1)

H0 is the sensible heat flux from the surface, ρa is the density of air, Cpa is the (mass) specific heat
capacity of air, Tref is the reference air temperature used in the definition of the Monin-Obukhov
length La, B−1 is a parameter which is dependent on the terrain. Experiments for homogeneous
vegetated surface indicate a value B−1 ≈ 6. More generally, B−1 is a function of the roughness
Reynolds number Re∗ = u∗z0/νa where νa is the molecular (kinematic) viscosity of air (see e.g.
[49]).

θ0 = θ(z0h) may be determined from the profile function (3.2.3) together with the potential tem-
perature θref corresponding to Tref at the reference height zref.

Similarly the specific humidity qa which is defined as the mass of water per unit mass of moist air
is a conserved scalar. The gradient and profile of qa are obtained from (3.2.1) and (3.2.3) with the
following substitutions:

s → qa

s∗ → q∗ = − λE0

ρaλu∗
z0s → z0q = z0h

λE0 is the latent heat flux from the surface and λ is the latent heat of vaporisation of water (per
unit mass). λE0 may be determined using the Holtslag weather scheme of DRIFT [50] which is
applicable to daytime conditions over a moist grass surface. For the other DRIFT weather schemes
λE0 may be estimated from the surface heat flux H0 using the Bowen ratio Bo

λE0 = B−1
o H0 = −B−1

o ρaCpau∗θ∗ (3.4.1)

Bo is dependent upon the nature of the surface [51]. If q and θ are known at two heights then Bo
can be determined (see e.g. Panofsky and Dutton [48]). Hanna and Paine [52] indicate that for
daytime conditionsBo is positive, with values ranging from 0.1 for water bodies, to 1 for temperate
grasslands and as large as 10 for deserts. At nighttime B0 may take either sign and is difficult to
determine by simple weather schemes [53]. In the absence of information on Bo (a candidate for
an optional input), it is recommended that λE0 = 0 is assumed, this leads to a constant specific
humidity with height.

q0 = qa(z0h) may be determined from the profile function (3.2.3) together with the specific hu-
midity qa,ref at the reference height zref. qa,ref is determined from the input relative humidity rw,ref
and temperature Tref:

zw,ref = rw,ref
P 0
vw(Tref)
Pref

qa,ref =
zw,ref

zw,ref

(
MA
Mw
− 1
)

+ 1

where MA and Mw are the molar masses of dry air and water respectively.
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3.5 PRESSURE

The variation of pressure with height is determined from the hydrostatic equation

dP
dz

= −ρag (3.5.1)

where ρa is the density of air and g is the acceleration due to gravity.

3.6 MOIST AIR PROPERTIES

Here we show how the moist air properties are determined from the temperature and water content.

The number of moles of water per mole of moist air, zw, is determined from the specific humidity
qa

zw =
qa

1 +
(
MA
Mw
− 1
)
qa

(3.6.1)

The relative humidity, rw is
rw = zwP/P

0
vw(Ta) (3.6.2)

P 0
vw(Ta) is the vapour pressure of water at temperature Ta. The air is unsaturated if zw < 1 and

saturated if zw ≥ 1

zwL = 0
zwv = zw

}
if rw < 1

zwL = (rw − 1) P 0
vw(Ta)

P−P 0
vw(Ta)

zwv = zw − zwL

}
if rw ≥ 1

The molar mass Ma of moist air is

Ma = zAMA + zwMw

where zA = 1− zw is the moles of dry air, MA and Mw are the molar masses of dry air and water
respectively.

The molar volume of the moist air is

va = (zA + zwv)
RTa
P

+ zwL
Mw

ρwL

The moist air density ρa is given by
ρa = Ma/va

The moist air molar heat capacity Ca is given by

Ca = zACA + zwvCwv + zwLCwL

where A, wv and wL refer to dry air, water vapour and water liquid values, all evaluated at
temperature Ta (and pressure P ).
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Table 3.1 Typical mixing heights [54]

Pasquill Stability Typical Mixing Height
Category (m)

A 1300
B 900
C 850
D 800
E 400
F 100

3.7 MIXING HEIGHT

The mixing height, h, (also called the mixing layer depth or the boundary layer depth) is a measure
of the thickness of the ABL and corresponds to a region of enhanced turbulence where atmospheric
properties are well mixed. h varies significantly with the diurnal cycle, depending upon the cumu-
lative heat input or loss at the ground and under neutral or stable conditions also the mechanical
mixing.

Table 4 of [54] gives typical mixing heights by Pasquill stability category - these values are repro-
duced in Table 3.1 of this report.

Other methods of estimating h are given below.

3.7.1 Neutral conditions

Panofsky and Dutton [48] give

h = 0.4
u∗
f

(3.7.1)

where
f = 2Ω sinφ (3.7.2)

is the Coriolis parameter with Ω = 7.29 × 10−5s−1 being the Earth’s rotation frequency and φ
the latitude. [48] indicates that in reality h is often smaller than the value given by (3.7.1) due to
large-scale processes leading to elevated inversions capping the turbulent region. Overestimation
of h using (3.7.1) is likely to be greater at larger wind speeds.

3.7.2 Unstable conditions

The growth and decay of the unstable boundary layer during the daytime is dependent upon the
energy budget for the layer. Models for h in unstable conditions require detailed information to
enable the cumulative effects of heat input and loss to be calculated. The simpler boundary layer
height models as in [53] and [26] still need information that is only available in DRIFT’s Holtslag
weather scheme, taking as input the day of the year, time of day, cloud cover and longitude and
latitude.
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3.7.3 Stable conditions

For stable conditions [53] gives the following

h/La =
0.3u∗/(|f |La)
1 + 1.9h/La

(3.7.3)

due to Nieuwstadt.

Another formula [49] for stable conditions

h = 0.4

√
u∗La
f

(3.7.4)

This is strictly only for the equilibrium mixing height.

[26] also gives the following empirical equation for mid-latitudes

h = 2300u3/2
∗ (3.7.5)

In this expression the constant has dimensions with units of m−1/2s3/2, the other variables being
in S.I. units. It is assumed that this formula is specific to mid-latitudes.
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4 INSTANTANEOUS MODEL

This section presents the extension of DRIFT’s instantaneous model equations to include buoyant
lift-off and rise.

4.1 THE COORDINATE FRAME

It is necessary to define the coordinate frame for describing the motion and dilution of the cloud.
DRIFT [2] defines a Cartesian coordinate system (x, y, z) where x is taken to be in the direction
of the wind and z is vertical with z = 0 being ground level. In the instantaneous model DRIFT
allows the cloud axis to ‘lean’ due to wind shear. Figure 4.1 illustrates the coordinate system.

It is convenient to introduce a position vector rc = (xc, yc, zc) which points to the cloud centroid
location for an elevated cloud, but points to the ground-level cloud centre location for a cloud on
the ground.

The unit tangent vector êc to the trajectory gives the direction of motion of the cloud centroid at a
particular time. êc = (cos θc, 0, sin θc) where θc is the angle from the horizontal.

For the purpose of defining cloud profiles it is useful to define the relative coordinate ξ

ξ = x− xc − ζ(z − zc) (4.1.1)

where ζ is the tangent of the angle between the cloud axis and the vertical.

4.2 CONCENTRATION PROFILES

DRIFT [2] adopts concentration profiles of the form

c(x, y, z, t) = Cm(t)Fh(ξ, y)Fv(z)

with
Fh(0, 0) = Fv(0) = 1 � (4.2.1)

so that Cm is the mean ground-level concentration. The symbol � is used as a reminder that the
above equations apply just to the ground-based DRIFT model. We generalise the above to include
elevated clouds by defining profiles such that (4.2.1) is replaced with

Fh(0, 0) = Fv(zc) = 1 (4.2.2)

so that Cm is now the mean concentration at location rc = (xc, yc = 0, zc).

The horizontal profile Fh is elliptical, given by

Fh(ξ, y) = exp
[
−
(
(ξ/a1)2 + (y/a2)2

)w/2] (4.2.3)

where a1 and a2 are length scales determining the cloud size in the x and y directions. w is a
parameter which determines the sharpness of the edge of the cloud. This is the same form as is
currently used by DRIFT [2]. w is large in the dense gas limit giving a sharp edged cloud and
approaches 2 (Gaussian) in the passive limit.
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Figure 4.1 Coordinate Frame for Instantaneous Model
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The vertical profile Fv is given by

Fv(z) = F̃v(z)/F̃v(zc) (4.2.4)

with

F̃v(z) = s (ẑcẑ)
(s−1)/2 I−ν

(
(ẑẑc)s/2

)
exp (−ẑsc − ẑs) (4.2.5)

ẑc = zc/a3 (4.2.6)
ẑ = z/a3 (4.2.7)
ν = 1− 1/s (4.2.8)

a3 is a length scale determining the vertical extent of the cloud. I−ν is the modified Bessel function
of the first kind of order −ν. The form of Fv is taken from Wheatley’s passive puff model for an
elevated source [39]. In the limit of a ground-based zc � a3 cloud, Fv reproduces DRIFT’s verti-
cal profile as given in [2]. In the limit that s→ 2, Fv results in a Gaussian profile with reflection at
the ground. For a ground-based (zc � a3) cloud, s will be determined from atmospheric profiles
of vertical diffusivity. For an elevated (zc � a3) cloud, we shall require s → 2 so that the cloud
has profile has a Gaussian shape. Please see Appendix B for further details of Wheatley’s model
and how it relates to the passive limit of DRIFT.

4.3 CHARACTERISTIC SCALES

Following [2] characteristic cloud lengths may be determined from integrals over the concentration
profiles.

The effective cloud height is

H =
∫ h

0
dzFv

= a3/F̃v(zc) (4.3.1)

The effective cloud height H is assumed to be limited by the mixing layer height h.

The cloud centroid height is

Z =
1
H

∫ h

0
dzzFv

= a3H̃(1)
= H/γ0 (4.3.2)

H̃(q) and γ0 together with other profile integrals are given Table 4.1. For the convenience of
obtaining simpler closed forms, the integral coefficients in Table 4.1 are obtained by integration
of the profiles from z = 0 to z = ∞, rather than from z = 0 to z = h. We interpret this
simplification as being broadly equivalent to assuming reflection at the z = h boundary so as to
conserve contaminant.

The effective area (horizontal section) is

A =
∫ ∞
−∞

∫ ∞
−∞

dξdyFh (4.3.3)

= πa1a2Γ(1 + 2/w) (4.3.4)
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and effective half-axes are defined by

R1 = a1Γ(1 + 2/w)1/2 (4.3.5)

R2 = a2Γ(1 + 2/w)1/2 (4.3.6)

so that the area is

A = πR1R2 (4.3.7)

The perimeter, pA of the this area is determined as in [2]

pA = 2π

√
R2

1 +R2
2

2
p′e(ε) (4.3.8)

where

ε =
(
R2

1 −R2
2

)
/
(
R2

1 +R2
2

)
(4.3.9)

and p′e(ε) is approximated by

p′e(ε) = 1−
(

1− 23/2/π
)
ε2 (4.3.10)

The ground contact area is defined as

Aground = Fv(0)A (4.3.11)

and similarly a mixing height contact area is

Ah = Fv(h)A (4.3.12)

The ratio

fg =
Aground

A
= Fv(0) (4.3.13)

provides a useful measure of the degree of grounding, approaching 1 in the limit of a fully
grounded (zc � a3) cloud and 0 in the limit of a fully elevated (zc � a3) cloud.
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Table 4.1 Profile integral coefficients

H̃(q) =
Γ ((q + 1)/s)

Γ(1/s)
M (−q/s, 1/s,−ẑsc)

γ0 =
[
H̃(1)F̃v(ẑc)

]−1

γ1 = H̃(2− s)/
[
H̃(1)

]2−s
γ2 = H̃(n+ 1)/

[
H̃(1)

]n+1
− H̃(n)

γ3 = H̃(2)/
[
H̃(1)

]2
− 1

γ4 = s
[
H̃(1)

]s
γ5 = λ(n, s)

λ(n, s) = H̃(n)/
[
H̃(1)

]n
F̃v(z) = s (ẑcẑ)

(s−1)/2 I−ν
(

(ẑẑc)s/2
)

exp (−ẑsc − ẑs)

ν = 1− 1/s
ẑc = zc/a3

ẑ = z/a3

M(a, b, z) is the confluent hypergeometric function - see e.g. [55]
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4.4 DIFFERENTIAL EQUATIONS

The evolution of the instantaneous cloud is governed by the following set of ordinary differential
equations:

dRj
dt

= Uj j = 1, 2 (4.4.1)

dζσz
dt

= Qζ (4.4.2)

drc
dt

= U (4.4.3)

dP c

dt
= F (4.4.4)

dNiv

dt
= Qiv (4.4.5)

dNiL

dt
= QiL (4.4.6)

dT
dt

= QT (4.4.7)

dP
dt

=
dP
dz

sin θc (4.4.8)

dTa
dt

=
dTa
dz

sin θc (4.4.9)

where t is time.

The other variables on the left hand side of the differential equations are:

• Rj are the effective half-axes of the horizontal elliptical cross-section through the cloud
with j = 1 corresponding to the downwind direction (x-axis) and j = 2 corresponding to
the crosswind direction (y-axis);

• ζ is the tangent of the angle that the cloud centroid axis makes with the vertical;

• σz is the standard deviation of the vertical concentration profile;

• rc is the position vector of the cloud as shown in Figure 4.1;

• P c is the momentum of the cloud;

• Niv and NiL are the number of vapour and liquid moles of species i in the cloud;

• T is the cloud temperature;

• P is the ambient pressure at the centroid height at time t;

• Ta is the ambient temperature at the centroid height at time t.

The terms on the right hand side of the equations determine the evolution of the cloud in time:

• Uj are the lateral spreading velocities of the cloud in the downwind (j = 1) and crosswind
(j = 2) directions;
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• Qζ determines the rate of change of the cloud leaning due to shear dispersion in the
passive limit. The cloud does not lean over in the dense ground-based dispersion phase;

• F represents a balance of forces on the cloud that leads to bulk bodily motion;

• U is the cloud velocity;

• Qiv and QiL are the rates of change of vapour and liquid moles of species i in the cloud.
The vapour and liquid moles may change due to evaporation, condensation, deposition or
entrainment of ambient fluid (moist air);

• QT is the rate of change of the cloud temperature, which may be due heat transfer to the
cloud, or due to internal energy changes, e.g. heat of vaporisation or heat of mixing;

• dP/dz is the vertical gradient of the ambient pressure as determined by (3.5.1);

• dTa/dz is the vertical gradient of the ambient temperature as determined by the differen-
tial equations given in Appendix A;

The above differ from [2] in that the cloud position is now tracked with the vector rc and the cloud
momentum is now a vector P c.

4.5 LATERAL SPREADING

The spreading of the horizontal cloud dimensions are modelled according to

dRi
dt

= Ui i = 1, 2 (4.5.1)

where U1 and U2 are velocities appropriate to the lateral spreading of the cloud. For a dilute,
neutrally buoyant cloud these spreading velocities will be determined by passive diffusion; for a
sufficiently dense, ground based, cloud lateral spreading will be determined by gravity spreading;
for a rising buoyant cloud lateral spreading will be determined by entrainment rate due to buoyant
rise.

The transition between the ground-based and elevated cloud spreading is controlled by the inter-
polation function fg. The net spreading rates are given by:

Ui = fgUig + (1− fg)Uie i = 1, 2 (4.5.2)

4.5.1 Grounded

Spreading of the ground-based cloud is modelled as exactly as in the current DRIFT [2]:

Uig = max (Uig(gravity), Ui(passive)) (4.5.3)

with the gravity spreading velocity given

U1g(gravity) = U2g(gravity) = Ufθ(t− λgtG) (4.5.4)

The gravity spreading velocity Uf is given by

Uf = min
(
Kf (g∆′H)1/2, (3g∆H)1/2

)
(4.5.5)
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where

∆′ =
ρ− ρa
ρa

(4.5.6)

∆ =
ρ− ρa
ρ

(4.5.7)

ρa is the ambient density at the centroid height. Kf = 1.07 is a Froude number constant obtained
by fitting the modelled plume spread with The Thorney Island dense dispersion experiments [3].

The first term in (4.5.5) represents an approximate balance of forces between gravity driven
spreading and air resistance and is found to give a good representation of the dense gas spreading
in Thorney Island Trials (after the initial radial acceleration phase). The second term in (4.5.5)
represents a theoretical bound due to the conservation of energy (limiting the kinetic energy of
spreading by the initial potential energy). If ∆′ < 0, then DRIFT sets Uf = 0.

θ in (4.5.4) is the Heaviside function (θ(x) = 1 for x > 0; θ(x) = 0 for x < 0). λgtG is a charac-
teristic gravity spreading timescale delay which is included to aid comparison with experimental
data [2].

The passive spreading terms Ui(passive) i = 1, 2 are specified in Section 4.5.3.

4.5.2 Elevated

The spreading rates in the elevated phase are given by

Uie = max (Uie(buoyancy), Ui(passive)) i = 1, 2 (4.5.8)

where Uie(buoyancy) is the spreading rate due to the elevated motion/dilution of the positively or
negatively buoyant cloud and Ui(passive) is the spreading rate due to passive dispersion.

Uie(buoyancy) is based on the asymptotic behaviour of an instantaneously released buoyant puff
(thermal). The spreading of the buoyant cloud is determined from the entrainment rate.

Buoyant puffs are observed [32] to develop a characteristic flattened spheroidal vortex shape with
an up-flow in the centre and the lateral spreading is found to be approximately linear with height.
Turner [31] showed that observed vertical rise velocity is consistent with an ‘added mass coeffi-
cient’ for an oblate spheroid with volume V = 3R3 where R is the radius corresponding to the
semi-major axis. We shall assume that the aspect ratio implied by this applies to the length scales
a1, a2 and a3 giving a1 = a2 = (4π/9)a3. We may grow from a different aspect ratio cloud
towards this by ensuring that

da1

dt
=

da2

dt
=

4π
9

da3

dt
(4.5.9)

Differentiating V = πR1R2H we obtain

dV
dt

= π

[
R1R2

dH
dt

+R1H
dR2

dt
+R2H

dR1

dt

]
(4.5.10)

and from Ri = [Γ (1 + 2/w)]1/2 ai we obtain

dRi
dt

= [Γ (1 + 2/w)]1/2
dai
dt

i = 1, 2 (4.5.11)
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and from H = a3/F̃v(zc) we obtain

dH
dt

=
1

F̃v(zc)
da3

dt
(4.5.12)

In (4.5.12) we have assumed that the cloud is sufficiently elevated such that the time derivative of
the profile F̃v(zc) can be neglected.

Substituting for dRi/dt and dH/dt into (4.5.10) and rearranging we obtain

U1e = U2e = Ue =
dV/dt

π
[(

9/4πΓ(1 + 2/w)1/2F̃v(zc)
)
R1R2 + (R1 +R2)H

]
(4.5.13)

dV /dt is given by

dV
dt

= kT

[
Qtv + µtv

QT
T

]
+
∑
i

kiLQiL (4.5.14)

where kT = RmT/P is the vapour molar volume, kiL = Mi/ρiL is the liquid molar volume of
each component. QT , Qtv and QiL are the rates of change of temperature, total vapour moles and
liquid moles for species i - these are obtained from the thermodynamics module (see Section 6).

The passive spreading terms Ui(passive) i = 1, 2 are specified in the following section.

4.5.3 Passive

Passive spreading in the longitudinal (x) direction is determined by

U1(passive) =
4 [Γ(1 + 2/w)]2

Γ(1 + 4/w)
1
R1

[
γ1ζ

2Kz + 0.3σξ0σu
]

(4.5.15)

and in the lateral (y) direction by

U2(passive) =
2Γ(1 + 2/w)
Γ(1 + 4/w)

1/2

0.3σv (4.5.16)

where

σξ0 = [σu/σv]σy (4.5.17)

σz = γ
1/2
3 Z (4.5.18)

ζ = σ′z/σz (4.5.19)

ζ is the tangent of the angle at which the cloud leans over, σu and σv are the rms ambient velocity
fluctuations in the x and y directions which are given by:

σu = 2.5u∗ , σv = 2.0u∗ (4.5.20)

The above equations are as given in DRIFT [2], except that the γi differ to allow for elevated
profiles and are given in Table 4.1. Also Kz in (4.5.15) differs, here being interpolated between
ground-based Kzg and elevated Kze values:

Kz = fgKzg + (1− fg)Kze (4.5.21)
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The ground-based value Kzg is given by the atmospheric diffusivity at the cloud centroid height:

Kzg = Kz(Z) (4.5.22)

The elevated value Kze is given by

Kze = σz
dσze

dt
(passive) (4.5.23)

For dσze(passive)/dt we adopt the passive entrainment model suggested by Ott (equation (137) in
[19])

dσze
dt

(passive) =
1√
2

(
9Cεσz

16

)1/3

(4.5.24)

with ε being the turbulent kinetic energy dissipation rate at height Z and C is a constant. ε is
determined from the atmospheric profiles (see Section 3.3). Measurements [19] indicate that C =
0.5.

4.6 PROFILE PARAMETERS

The horizontal profile parameter w is given by an interpolation between the ground-based wg and
elevated we values

w = fgwg + (1− fg)we (4.6.1)

with

wg =
{

2 + (wT − 2) (Rih/RiT ) Rih > 0
2 Rih ≤ 0

(4.6.2)

and we = 2.

Rih is a ‘horizontal Richardson number’:

Rih =
g∆′H
σ2
vc

(4.6.3)

based on the lateral velocity fluctuation

σvc = (σv/ua(Z))|Uh| (4.6.4)
Uh = U · (1, 1, 0) (4.6.5)

which is scaled from the ambient lateral fluctuation σv.

The horizontal profile of the ground-based cloud has a sharp edge for Rih � RiT and tends to a
Gaussian as Rih → 0 or the cloud becomes buoyant or elevated. The values of RiT and wT are
given [43].

The vertical profile parameter s is given by an interpolation between ground-based and elevated
values

s = fgsg + (1− fg)se (4.6.6)
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with the ground-based value being given from the gradient of the atmospheric diffusivity at the
centroid height:

sg = 2− d ln(Kzg)
d ln(z)

∣∣∣∣
z=Z

(4.6.7)

and the elevated value

se = 2 (4.6.8)

consistent with a Gaussian profile (constant diffusivity with height).

4.7 ENTRAINMENT

The volumetric entrainment rate into the cloud is written as:

Q = pAHuE +AuT (4.7.1)

pA is the perimeter of the ellipse with half axes R1 and R2; uE and uT are ‘edge’ and ‘top’
entrainment velocities. These entrainment velocities are obtained by interpolation between values
appropriate for ground-based and elevated clouds:

uE = fguEg + (1− fg)uEe (4.7.2)
uT = fguTg + (1− fg)uTe (4.7.3)

4.7.1 Grounded

The edge entrainment velocity for the ground-based cloud is given by

uEg = max (uEg(gravity), uE(passive)) (4.7.4)

with the gravity spreading term

uEg(gravity) = αEUf (4.7.5)

and αE = 0.7 to optimise fits to Thorney Island data [2].

The top entrainment velocity for the ground-based cloud is

uTg = uT (passive)φT (Ri∗) (4.7.6)

with

φT (Ri∗) =
{

1 + λ1Ri∗/Ric Ri∗ ≥ 0
1 + λ2(−Ri∗)1/2 Ri∗ < 0

where

Ri∗ =
g∆′H
u2
∗c

(4.7.7)

u∗c = |Uh|(u∗/ua(Z)) (4.7.8)

u∗c is the cloud friction velocity, estimated from a rescaling of the ambient value. λ1, λ2 and Ric
are constants given in [2, 43].

The passive terms uE(passive) and uT (passive) are given in Section 4.7.3.
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4.7.2 Elevated

In the elevated phase the entrainment velocities are given by

uEe = max (ue(buoyancy), uE(passive)) (4.7.9)
uTe = uT (passive) + ue(buoyancy) (4.7.10)

with

ue(buoyant) = αb|∆U | (4.7.11)

Turner [31] suggests an entrainment coefficient αs = 0.23 for a spheroidal puff. If we were to
apply this to an elevated cylindrical cloud with R1 = R2 = 2H then

αb =
6
5

(
2
3

)1/3

αs

≈ 0.24 (4.7.12)

The passive terms uE(passive) and uT (passive) are given in the following section.

4.7.3 Passive

The top entrainment velocity in the passive limit is given by

uT (passive) =
dH
dt

= γ4γ0Kz/Z (4.7.13)

with Kz given by (4.5.21) and γi given in Table 4.1.

The edge entrainment velocity in the passive limit is given by

uE(passive) =
1
pA

dA
dt

=
π

pA
[R1U2(passive) +R2U1(passive)] (4.7.14)

with U1(passive) and U2(passive) given by (4.5.15) and (4.5.16).

4.8 MOMENTUM TRANSFER

The rate of change of momentum with time t is represented by a vector sum of force terms:

F = F (buoyancy) + F (entrain) + F (deposition) + F (drag) + F (impact) (4.8.1)

The vertical component of momentum (and hence the vertical component of force) is not modelled
for a dense ground-based cloud, i.e. when ρ > ρa and zc = 0

Fz = 0 (4.8.2)
Uz = 0 (4.8.3)

Hence, for a ground-based cloud, the vertical momentum is implicit in the centroid motion which
is influenced by the combination of gravity spreading and entrainment. Lift-off due to positive
buoyancy is incorporated by switching on the buoyancy force when the density ρ < ρa.

The form of each term is given in the following subsections.
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4.8.1 Buoyancy

As already discussed, the vertical forces (the main one being buoyancy) are only modelled when
the cloud is elevated zc > 0 or in the case of zc = 0 when the cloud density ρ is less than the
ambient density ρa at the plume centroid height. The vertical plume buoyancy force is given by

F (buoyancy) = g
(ρ− ρa)V

1 + kv
(4.8.4)

The kv term represents the possibility that not all the buoyant potential energy is transferred to
vertical motion of the cloud. This corresponds to the concept of ‘virtual’ or ‘added mass’ repre-
senting work being done in accelerating ambient fluid which is not directly part of the plume. The
added mass coefficient kv is taken to be that for an oblate spheroid [31]

kv =
tan θm − θm

θm − sin θm cos θm
(4.8.5)

where

θm = arccos
(

a3√
a1a2

)
(4.8.6)

For a3 ≥
√
a1a2, the limiting value appropriate for a sphere kv = 1/2 is used.

4.8.2 Entrainment

The momentum change due to entrainment of air is given by

F (entrain) = ρa (QETUAT +QEEUAE) (4.8.7)

where ρa is the air density at the centroid height,QET andQEE are the ‘top’ and ‘edge’ volumetric
entrainment rates given by

QET = AuT (4.8.8)
QEE = pAHuE (4.8.9)

The characteristic velocities UAT and UAE are chosen to match the empirical model in DRIFT
[2] when the cloud is fully grounded and simply the wind speed at the centroid height when the
cloud is elevated

UAT =
[
λT +

1− λT
1 +Ri∗

]
Uw (4.8.10)

UAE =
[
λE +

1− λE
1 +Ri∗

]
Uw (4.8.11)

with Uw = ua(Z) and the interpolation parameters

λT = fgλTg + (1− fg)λTe (4.8.12)
λE = fgλEg + (1− fg)λEe (4.8.13)

The constants are λTg = λEg = 0.8 and λTe = λEe = 1.
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4.8.3 Deposition

Mass deposition from the puff is assumed to remove momentum corresponding to

F (deposition) =
∑
i

Qi,DMiU (4.8.14)

Qi,D is the molar deposition rate of component i and Mi is the mass per mole. This is simply a
vector form of the deposition model in DRIFT [2].

4.8.4 Drag

Drag due to friction at the ground is represented by

F (drag) = −ρu2
∗cAground

1
|Uw|2

[Uh|Uh| −Uw|Uw|] (4.8.15)

with Uh given by (4.6.5). The above is a vector form of that given in [2]. However, rather than
using u∗, [2] included drag coefficients (βT and βE) which were set to zero.

There is no drag contribution for the fully elevated (Aground → 0) puff.

4.8.5 Impact

Following [18], angled impact of an initially elevated cloud is assumed to simply result in deflec-
tion of the puff trajectory with no change of speed. This implies an impact force normal to the
trajectory:

F (impact) =
{
ρU2Aground tan |θc|êc × ŷ θ < 0
0 otherwise

(4.8.16)

4.9 HEAT AND MASS TRANSFER TO THE GROUND

DRIFT includes models for heat transfer between the cloud and the ground. Heat transfer may be
significant for initially cold clouds moving over a warmer substrate (ground or water). Although
it can be disabled by the user, the default in DRIFT is to include ground heat transfer for all
thermodynamic options except ‘isothermal’.

4.9.1 Heat transfer

The heat flux to the ground is simply modelled as

QH = AgroundSH (4.9.1)

where SH is the heat flux per unit area

SH = Cpρ〈T ′w′〉 (4.9.2)

which is determined from the maximum of the heat fluxes due to forced and free convection. In
the above Cp is the (mass) specific heat capacity of the cloud. In the case that the temperature
of the ground is less than the cloud temperature, then the free convection is set to zero. [2] gives
details of the determination of the turbulent heat flux term 〈T ′w′〉.

32



4.9.2 Mass transfer

In additional to heat transfer between the cloud and the ground, DRIFT also offers the option of
modelling vapour and liquid deposition. The calculation of mass deposition is optional in DRIFT
- the default being that it is disabled.

4.9.3 Vapour deposition

The molar deposition rate Qiv,D of vapour is modelled by analogy with heat transfer

Qiv,D = −Agroundfiv,DNiv/V (4.9.3)

where fiv is the deposition velocity of component i in the vapour phase, Niv is the number of
moles of component i in the vapour phase and V is the total cloud volume. fiv is determined as
described in [2]

4.9.4 Liquid deposition

DRIFT’s liquid deposition model [2] includes a combination of non-gravitational and gravitational
deposition. In the case of a ground-based cloud, transport of liquid through the base of the cloud is
reasonably taken to be deposited. For an elevated cloud, the situation is more complex - the non-
gravitation deposition term is expected to decrease, whereas gravitational settling may give rise to
a ‘secondary’ puff of lower elevation. For a volatile liquid, even material settling from lower edge
of the main cloud may completely vaporise prior to deposition at ground-level. For this reason we
choose to model liquid deposition velocity fiL as zero deposition for the elevated plumes. This is
obtained done by interpolation using the function fg defined in (4.3.13) :

fiL = fgfiL,g (4.9.4)

where fiL,g is the liquid deposition velocity as used by the ground-based model [2].
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5 CONTINUOUS MODEL

This section presents the extension of DRIFT’s continuous model equations to include momentum,
buoyant lift-off and rise.

5.1 UNDEREXPANDED JETS

Extending DRIFT to include momentum jets requires modelling the expansion of the jet from the
supplied orifice exit conditions to atmospheric pressure. Releases of superheated liquids - giving
rise to flashing two-phase jets, and pressurised gases - giving rise to sonic or subsonic gaseous jets
shall be considered. The region from orifice to atmospheric pressure is bridged by calculating an
effective source (pseudo-source in the parlance of Birch et al. [56]). Conditions at the orifice are
assumed to be known either from a previous calculation, or by direct measurement.

5.1.1 Two-phase flashing jets

We closely follow the approach of Wheatley [57] for the flashing region of the jet. Detailed
modelling of the flashing process is not attempted, rather a simple approach is adopted which
relates post-flash conditions to those at the orifice by means of a control volume analysis. Various
assumptions about the nature of the flow are necessary to close the integral conservation equations.

The control volume is shown in Figure 5.1. It is assumed that after flashing the jet has a half-angle
θf with the flow radial and independent of direction. Conservation equations are obtained by inte-
gration over a surface, S, composed of elements Se, Sef , and Sf . Se is the exit plane of the orifice
of area Ae; Sf is a spherical cap over which it is assumed that the pressure is atmospheric and
the two phases are in thermodynamic equilibrium; Sef is the surface of the jet between Se and Sf
defined so that there is no mass, momentum or energy flux across this surface and presumed to be
at atmospheric pressure. Such an assumed flow is necessarily a simplification and other assump-
tions and control volumes are possible. Since the subsequent jet evolution equations neglect the
divergence in the flow at Sf , it will be necessary to project quantities onto an equivalent normal
plane passing through Sf - this projection is taken as implicit in the following equations.

Mass, momentum and energy conservation for the control volume may be written [57]:

qf = qe (5.1.1)
qpf = qpe + (Pe − Pa)Ae (5.1.2)

Hf +
1
2
λ2
fU

2
f = He +

1
2
U2
e (5.1.3)

where conditions at the orifice are denoted by subscript e and those after flashing by subscript f.
q is the mass flux and qp the momentum flux along the jet axis; H is the specific enthalpy; U the
velocity along the jet axis (defined as qp/q ), Pe the exit pressure; Pa the ambient pressure and λf
is related to the divergence of the jet:

λf =
2

1 + cos θf
(5.1.4)

which follows from projection onto the normal plane. Calculation of θf would require modelling
the radial momentum of the release. This is not done, so θf is necessarily an input parameter for
the model. In practice it is expected that λf will be close to 1 and this can be taken as the default
for the model.
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Figure 5.1 Control Volume for Flash Expansion

The above equations assume no entrainment of air and no exchange of heat or momentum through
the surface Sef and neglect gravity. Given the flash expansion region is generally short, and in the
absence of experimental data to the contrary, these seem reasonable assumptions.

If we further assume a homogeneous mixture, then the specific enthalpy, H of the jet may be
written in terms of the liquid and vapour enthalpies and the vapour fraction x:

H = HL + x(Hv −HL) (5.1.5)

Conditions at the orifice are assumed known. Conditions on Sf (and the normal plane through Sf )
correspond, by definition, to equilibrium of the pure contaminant at atmospheric pressure. Hence,
given the liquid and vapour enthalpies at the normal boiling point, and since uf is known from the
mass and momentum equations then the final vapour (flash) fraction, xf may be determined from
the energy equation. From xf and qf the molar fluxes µgL and µgv of released contaminant g can
be found.

5.1.2 Gaseous jets

For gaseous releases it is necessary to determine whether the specified release conditions imply the
flow is choked (sonic). For choked gaseous flow the conditions after expansion may be determined
using the pseudo-source model of Birch et al. [56]. For unchoked gaseous flow standard isentropic
flow relationships (e.g. [58] ) may be used to determine the exit conditions from the user input.

5.1.3 A Note on Energy Conservation

The proposed dispersion model balances enthalpy and does not include kinetic energy terms in the
energy balance. Therefore, in order to conserve energy from the source, kinetic energy terms must
be added at the source. For gaseous releases this amounts to setting the gas temperature equal to
the stagnation temperature. For two-phase flashing releases the kinetic energy terms are generally
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Local Coordinate Frame – Continuous Model
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Figure 5.2 Coordinate Frame for Continuous Model

much smaller, but for consistency we slightly modify the flash calculation so that that the energy
term in (5.1.3) becomes:

Hf = He +
1
2
U2
e (5.1.6)

5.2 THE COORDINATE FRAME

In the case of DRIFT’s steady continuous ground-based plume model, concentration profiles are
defined in the vertical plane at each downwind distance x. Integrating fluxes over the vertical
plane yields integral equations where the evolution is in x only. We need to generalise this to the
more general case of a plume that is not simply moving horizontally.

A standard approach for elevated plumes is to define a cross-section which is normal to the plume’s
mean velocity vector and to model the integral fluxes through this cross-section. We choose to
follow this. The coordinate system is illustrated Figure 5.2.

The plume trajectory is described by a vector position rc = (xc, yc, zc). As for the instantaneous
cloud, rc corresponds to the centroid location when the plume is elevated and the ground-level
centreline when the plume is on the ground.
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sc is the curvilinear distance along the plume trajectory. Plume integral properties (obtained by
integration of profiles over the plume cross-section) evolve as functions of sc.

The unit tangent vector êc to the trajectory of rc defines the plane of the plume cross-section.
êc = (cos θc, 0, sin θc) where θc is the angle from the horizontal.

For the purpose of defining concentration profiles we introduce the orthogonal coordinate η which
measures distance from the point rc in the plane along the direction given by the cross product of êc
and ŷ. A point (sc, y, η) in the plume cross-section then corresponds to the cartesian coordinates
(xc − η sin θc, yc, zc + η sin θc).

5.3 CONCENTRATION PROFILES

DRIFT’s model for ground-based plumes [1] assumes that the steady, time-averaged concentration
field has the form

c(x, y, z) = Cm(x)Fh(y)Fv(z) �
with

Fh(0) = Fv(0) = 1 � (5.3.1)
so that Cm is the mean ground-level concentration. The symbol � is used as a reminder that the
above equations apply just to the ground-based DRIFT model. We generalise the above to include
elevated plumes by writing the concentration as a function of the coordinate sc and displacements
y and η in the plane of the plume cross-section

c(sc, y, η) = Cm(sc)Fh(y)Fη(η) (5.3.2)

with
Fh(0) = Fη(0) = 1 (5.3.3)

so that Cm may now be interpreted as the mean concentration at location rc = (xc, yc = 0, zc).

The horizontal profile Fh is given by

Fh(y) = exp [− (y/b)w] (5.3.4)

where w is a parameter which determines the sharpness of the edge of the cloud. This is the same
form as is currently used by DRIFT [1].

The η profile Fη is assumed to have the same profile shape as the instantaneous model (4.2.4) and
is given by

Fη(η) = F̃η(η)/F̃η(ηc) (5.3.5)

with

F̃η(η) = s (η̂cη̂)(s−1)/2 I−ν
(

(η̂η̂c)s/2
)

exp (−η̂sc − η̂s) (5.3.6)

η̂c = zc/a| cos θc| (5.3.7)
η̂ = η̂c + η/a (5.3.8)
ν = 1− 1/s (5.3.9)

In the limit of a horizontal plume θc → 0 and Fη tends to the elevated passive profile function given
in Appendix B. In the limit of a vertical plume θc → π/2 and Fη tends to that for an elevated plume
with infinite elevation. As long as we ensure that the profile shape parameter s approaches 2 in this
limit then this will result in a Gaussian η profile with length scale a. Computer implementation
of these profiles shall have to be done with care to correctly represent these limits whilst avoiding
numerical overflows.
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5.4 CHARACTERISTIC SCALES

We define characteristic lengths in the η and y directions from integrals of the concentration pro-
file:

Lη =
∫ ηu

ηl

dηFη(η)

=
a

F̃η(η̂c)
(5.4.1)

Ly = 2W =
∫ ∞
−∞

dyFy(y)

= 2bΓ(1 + 1/w) (5.4.2)

The upper and lower limits of the η integral are taken to be

ηu = (h− zc)/| cos θc| (5.4.3)
ηl = −zc/| cos θc| (5.4.4)

so that the η extent for an inclined plume is restricted by the ground and mixing layer height. In
the limit of a vertical plume the upper and lower limits are +∞ and −∞. As in the instantaneous
model case, integral coefficients are obtained by integration of the profiles from z = 0 to z =∞,
rather than from z = 0 to z = h. We interpret this simplification as being broadly equivalent to
assuming reflection at the z = h boundary so as to conserve flux.

The effective plume cross-section area is

A = LηLy (5.4.5)

and the vertical extent is

H = Lη| cos θc| (5.4.6)

From moments of the concentration profiles

〈ηn〉 =
1
Lη

∫ ηu

ηl

dηηnFη(η) (5.4.7)

〈yn〉 =
1
Ly

∫ ∞
−∞

dyynFy(y) (5.4.8)

we can determine the centroid height

Z = zc + 〈η〉 cos θc (5.4.9)

and standard deviations of the concentration distribution

σ2
η = 〈η2〉 − 〈η〉 (5.4.10)

σ2
y = 〈y2〉 − 〈y〉 (5.4.11)

It is also useful to define a ground contact width

Lground = Fη(−zc/| cos θc|)Ly (5.4.12)

39



a mixing height contact width

Lh = Fη(h− zc)/| cos θ|)Ly (5.4.13)

and a free perimeter width

Lfree = 2Lη + 2Ly − Lground − Lh (5.4.14)

The ratio
fg =

Lground

Ly
= Fη(−zc/| cos θc|) (5.4.15)

provides a useful measure of the degree of plume grounding, approaching 1 in the limit of a fully
grounded plume (zc → 0) and 0 in the limit of a fully elevated plume (zc/(a| cos θc|)→∞).

5.5 INTEGRAL FLUXES

The mass flux qg of contaminant through the plume cross-section is defined by

qg =
∫
Cu · dA (5.5.1)

Writing the plume velocity as the sum of an excess velocity ∆u and the undisturbed ambient
velocity ua:

u = ∆u + ua

and substituting into (5.5.1) gives
qg = CmAU (5.5.2)

with

Uw = Uwx̂ (5.5.3)
U = ∆U + Uw (5.5.4)
U = ∆U · êc + Uw cos θ (5.5.5)

∆U =
1
A

∫ ∞
−∞

dy
∫ ηu

ηl

dη∆uFhFη (5.5.6)

Uw =
1
Lη

∫ ηu

ηl

dηua(zc + η cos θc)Fη (5.5.7)

U is an effective plume velocity, Uw an effective wind speed over the plume cross-section and
∆U is an integral measure of the velocity excess. The integral in (5.5.7) may be evaluated using
a power law approximation to ua(z) profile.

Hence, following [1] we can define the total mass flux through the plume cross-section

q = ρAU (5.5.8)

where ρ is the density obtained from the plume’s effective equation of state as described in [1].

Molar fluxes in each phase µiv and µiL follow from the above definitions as described in [1].

We may also define a vector momentum flux for the plume

qp = qU (5.5.9)

and a vector excess momentum flux
qpe = q∆U (5.5.10)
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5.6 DIFFERENTIAL EQUATIONS

The evolution of the plume is determined by the following set of ordinary differential equations

dW
dsc

= β (5.6.1)

dqp
dsc

= F (5.6.2)

dµiv
dsc

= Qiv (5.6.3)

dµiL
dsc

= QiL (5.6.4)

dT
dsc

= QT (5.6.5)

drc

dsc
= êc (5.6.6)

dt
dsc

= 1/U (5.6.7)

dP
dsc

=
dP
dz

sin θc (5.6.8)

dTa
dsc

=
dTa
dz

sin θc (5.6.9)

where sc is the plume coordinate and the variables on the left hand side are

• W is the plume half-width;

• qp is the momentum flux;

• µiv and µiL are the molar fluxes of substance i in the vapour and liquid phases;

• T is the plume temperature;

• rc is the plume position vector corresponding to sc as defined in Figure 5.2;

• t is the travel time corresponding to sc;

• P is the ambient pressure at the centre height corresponding to sc;

• Ta is the ambient temperature at the centre height corresponding to sc.

The terms on the right hand side are

• β is the plume lateral spreading rate;

• F represents the balance of forces altering the plume momentum;

• Qiv and QiL are are the rates of change of vapour and liquid molar fluxes of species i in
the plume;

• QT is the rate of change of plume temperature;
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• êc is the normal unit vector of the plume cross-section (see Figure 5.2);

• U is the effective velocity of the plume;

• dP/dz is the vertical gradient of the ambient pressure as determined by 3.5.1;

• dTa/dz is the vertical gradient of the ambient temperature as determined by the differen-
tial equations given in Appendix A.

The above differential equations are very similar to those in DRIFT [1], except that the momentum
flux equation (5.6.2) is now a vector equation (to allow specification of a vertical component for
the elevated plume) and there is now an equation (5.6.6) to track the position vector rc, an equation
(5.6.7) to track the travel time t of material dispersing along the plume trajectory and equations to
solve for the variation of ambient pressure and temperature.

5.7 LATERAL SPREADING

Lateral spreading of the cloud shall be modelled as

β = fgβg + (1− fg)βe (5.7.1)

where βg represents the spreading of the ground-based cloud and βe the spreading rate of the
elevated cloud. Different factors affect the spreading in each of these regimes. The function
fg, defined in (5.4.15), is used to provide a smooth interpolation in the transition between these
regimes. Alternative interpolations are possible and might be sought if validation suggests that
(5.4.15) is inadequate.

5.7.1 Grounded

The lateral spreading rate βg of the ground-based plume/jet is modelled as in [1]

βg = max (βg(jet), βg(gravity), βg(passive)) (5.7.2)

where

βg(jet) = fjet
Γ(1 + 1/w)
(ln(2))1/w

dy1/2(jet)
dsc

(5.7.3)

is the spreading rate for the ground-based jet. dy1/2(jet)/dsc = 0.26 is the experimentally ob-
served lateral spreading rate for a three-dimensional turbulent jet over a smooth surface as reported
by Launder and Rodi [59]. fjet is a function which tends to 1 as the dilution is dominated by jet
momentum and zero as the jet dilution term tends to zero (when ∆U → 0). A function with this
behaviour is

fjet =
uEg(jet)(H +W )
uEgH + uTgW

(5.7.4)

where uEg(jet), uEg and uTg are entrainment velocities defined in Section 5.9.1.

βg(gravity)
Uf√

U2 − U2
f

(5.7.5)
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is the spreading rate due to the gravity spreading velocity Uf acting orthogonally to the edge of the
plume. This implies that a steady plume can only exist for Uf < U . Uf for the continuous plume
has the same form as the instantaneous cloud (4.5.5), except that the Froude number constant Kf

differs [4].

The passive spreading rate βg(passive) represents the spreading due to ambient turbulence. We
write this here as

βg(passive) = uE(passive)/U (5.7.6)

where uE(passive) is an ‘edge’ entrainment velocity due to passive diffusion. The form of
uE(passive) is specified in Section 5.9.3.

5.7.2 Elevated

The elevated phase is modelled assuming an equal spreading rate of the cross-section length scales
a and b. We derive below the spreading rate βe that this implies.

Differentiating (5.4.5), (5.4.1) and (5.4.2) gives

dA
dsc

= Ly
dLη
dsc

+ Lη
dLy
dsc

(5.7.7)

dLη
dsc

=
1
a

da
dsc

[−ηuFη(ηu) + ηlFη(ηl) + Lη] (5.7.8)

dLy
dsc

=
db
dsc

Ly
b

(5.7.9)

In arriving at the above equations it is assumed that the profile parameters s and w vary slowly and
therefore their derivatives are ignored - this is consistent with the rest of the DRIFT formulation.
Also, to simplify the analysis, we have neglected terms arising from the changes in plume elevation
zc and inclination angle θc. These neglected terms are only expected to be significant during the
touchdown (or interaction with boundary layer height) phase. Assuming da/dsc = db/dsc, we
find

dLy
dsc

=
dA/dsc

Lη + (Ly) [−ηuFη(ηu) + ηlFη(ηl) + Lη]
(5.7.10)

dA/dsc is obtained by noting that A = v/U where v is the volume flux and U the plume velocity,
so

dA
dsc

=
1
U

[
dv
dsc
−AdU

dsc

]
(5.7.11)

dv/dsc is given by

dv
dsc

= kT

[
Qtv + µtv

QT
T

]
+
∑
i

kiLQiL (5.7.12)

where kT = RmT/P is the vapour molar volume, kiL = Mi/ρiL is the liquid molar volume of
each component. QT , Qtv and QiL are the rates of change of temperature, total vapour moles and
liquid moles for species i - these are obtained from the thermodynamics module (see Section 6).
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dU/dsc is given by differentiating U = |qp|/q

dU
dsc

=
1
q

[
|F | − U dq

dsc

]
(5.7.13)

The spreading rate in the elevated phase is

βe =
1
2

dLy
dsc

(5.7.14)

with dLy/dsc given by (5.7.10).

5.8 PROFILE PARAMETERS

The horizontal and vertical profile parameters w and s are determined exactly as for the instanta-
neous model (see Section 4.6), except that the lateral velocity fluctuation appearing in (4.6.3) is
given by

σvc = max (σv(jet), σv) (5.8.1)
σv(jet) = kσ(jet)|∆U | (5.8.2)

rather than (4.6.4). kσ(jet) depends upon the lateral distance from the jet centreline. Following
EJECT [10], in the absence of data on grounded jets, we estimate kσ(jet) from data on free circular
jets (Rajaratnam [60] Fig. 1.7d) which indicate that typically kσ(jet) ∼ 0.2

5.9 ENTRAINMENT

The volumetric entrainment rate of moist air into the plume is written in terms of ‘top’ and ‘edge’
entrainment velocities

Q = LyuT + LηuE (5.9.1)

We note that due to inclination of the plume cross-section ‘top’ and ‘edge’ are referred to the
length scales Ly and Lη and only have their usual traditional meanings in the limit of a horizontal
ground-based plume.

uT and uE shall be obtained by interpolation between values appropriate for ground based and
elevated clouds:

uT = fguTg + (1− fg)uTe (5.9.2)
uE = fguEg + (1− fg)uEe (5.9.3)

5.9.1 Grounded

The top entrainment velocity for the ground-based jet/plume is taken to be the maximum of jet
and passive terms, modified to account for density stratification:

uTg = max [uEg(jet), uT (passive)]φT (Ri∗) (5.9.4)
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The jet entrainment term is modelled as

uEg(jet) = αjet
|qpe|1/2

ρ
1/2
a (W +H)

(5.9.5)

with αjet = 0.08. This has the same general form as EJECT’s grounded jet model [10], however
the value of the entrainment coefficient αjet differs here due to the different definition of velocity
profile (EJECT used the maximum velocity and assumed Gaussian profiles for velocity excess,
here the velocity excess is treated as a uniform bulk average).

The function φT is given (4.7.7). The Richardson number Ri∗ needs to account for the turbulent
velocity scale u∗(jet) due to jet shear as well as due ambient shear flow u∗. We therefore replace
(4.7.8) by

u∗c = max (u∗(jet), u∗) (5.9.6)

where u∗(jet) is given by

u∗(jet) =
√
Cdrag(jet)|∆U | (5.9.7)

We assume Cdrag(jet) = 2 × 10−2 taken from EJECT [10](corrected for the different profiles
here) which itself is based on wall shear stress measurements in the centre-plane of bluff wall jets
over smooth plates as reported in [60].

The edge entrainment velocity for the ground-based jet/plume is

uEg = max (uEg(jet), uEg(gravity), uE(passive)) (5.9.8)

with

uEg(gravity) = αEUf (5.9.9)

with αE a constant given in [4]. Equation (5.9.8) differs from that currently within DRIFT [1]
which uses a variable edge entrainment coefficient to interpolate between the gravity spreading
and passive limits. The simpler approach adopted here of taking the maximum is preferred since
it uses fewer adjustable parameters.

5.9.2 Elevated

In the elevated phase

uE = uT = ue

(
Lfree

Lη + Ly

)
(5.9.10)

with

ue = αe1|U − Uw cos θ|+ αe2Uw| sin θ|+ αe3

(
εA1/2

)1/3
(5.9.11)

where αe1, αe2 and αe3 are constants and ε is the atmospheric kinetic energy dissipation rate (see
Section 3.3) which is determined at the centroid height. (5.9.10) is a form that is fairly widely
adopted by integral models of elevated plumes and jets in a cross-flow. Appropriate values of
the entrainment coefficients αe1, αe2 and αe3 are dependent upon the assumed plume profiles
and whether or not the vertical momentum equation includes added mass (see Section 5.10). For
uniform profiles with added mass coefficient kv = 1, measurements [24] suggest αe1 = 0.08,
αe2 = 0.6. These values are similar to those adopted by EJECT [11] and also Ott [19]. αe3 is
given by

αe3 =
(

9C
16
√

2π

)1/3

(5.9.12)

with C=0.5 [19].
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5.9.3 Passive

The top entrainment velocity in the passive limit is given by

uT (passive) =
dH
dt

= γ4γ0Kz/Z (5.9.13)

with Kz given by (4.5.21) and γi given in 4.1 with a3 = a.

The edge entrainment velocity in the passive limit is unchanged from [1]

uE(passive) = 0.3σv
[
3Γ(1 + 1/w)3/Γ(1 + 3/w)

]1/2 (5.9.14)

5.10 MOMENTUM TRANSFER

The rate of change of momentum with curvilinear distance sc is represented by a vector sum of
‘force’ terms:

F = F (buoyancy) + F (entrain) + F (deposition) + F (drag) + F (impact) (5.10.1)

The vertical component of momentum (and hence the vertical component of force) is not modelled
for a dense ground-based cloud, i.e. when ρ > ρa and zc = 0

Fz = 0 (5.10.2)
Uz = 0 (5.10.3)

Hence for a ground-based plume the vertical momentum is implicit in the centroid motion which
is influenced by the combination of gravity spreading and entrainment. Lift-off due to positive
buoyancy is incorporated by switching on the buoyancy force when the density ρ < ρa.

The form of each term is given in the following subsections.

5.10.1 Buoyancy

The vertical buoyancy force is included when the cloud is elevated Zc > 0 or in the case of Zc = 0
when the cloud density ρ is less than the ambient density ρa at the plume centroid height. The
vertical plume buoyancy force is given by

F (buoyancy) = g
(ρ− ρa)A

1 + kv| cos θc|
(5.10.4)

A value of kv = 1 is commonly assumed [33], based on the potential flow around a cylindrical
vortex. The necessity of including ‘added mass’, and the value of kv in buoyant plume models is
somewhat controversial - many integral models perform perfectly adequately without inclusion of
such a term. As for the instantaneous model, we regard the inclusion of kv as empirical, offering
the possibility of specifying a higher values for the ground-based plume that might help suppress
buoyant rise for wide source and give better agreement with observed behaviour [8].
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5.10.2 Entrainment

The momentum change due to entrainment of air is given by

F (entrain) = ρa (QETUAT +QEEUAE) (5.10.5)

where ρa is the air density at the centroid height,QET andQEE are the ‘top’ and ‘edge’ volumetric
entrainment rates given by

QET = LyuT (5.10.6)
QEE = LηuE (5.10.7)

The characteristic velocities UAT and UAE are chosen to match the empirical model in DRIFT
[1] when the plume is fully grounded and to match the effective wind speed Uw as defined in
(5.5.7) when the plume is elevated

UAT =
[
λT +

1− λT
1 +Ri∗

]
Uw (5.10.8)

UAE =
[
λE +

1− λE
1 +Ri∗

]
Uw (5.10.9)

with the interpolation parameters

λT = fgλTg + (1− fg)λTe (5.10.10)
λE = fgλEg + (1− fg)λEe (5.10.11)

The constants are λTg = λEg = 0.8 and λTe = λEe = 1.

5.10.3 Deposition

Mass deposition from the plume is assumed to remove momentum corresponding to

F (deposition) =
∑
i

Qi,DMiU (5.10.12)

Qi,D is the molar deposition rate of component i and Mi is the mass per mole. This is simply a
vector form of the deposition model in DRIFT [1].

5.10.4 Drag

Drag due to friction at the ground is represented by

F (drag) = −ρu2
∗Lground

1
|Uw|2

[Uh|Uh| −Uw|Uw|] (5.10.13)

with
Uh = U · (1, 1, 0) (5.10.14)

The above is a vector form of that given in [1]. However, rather than using u∗, [1] included drag
coefficients (βT and βE) which were set to zero.

There is no drag contribution for the fully elevated (Lground → 0) plume.
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5.10.5 Impact

Following [18] angled impact of an initially elevated plume is assumed to simply result in de-
flection of the trajectory with no change of speed. This implies an impact force normal to the
trajectory:

F (impact) =
{
ρU2Lground tan |θc|êc × ŷ θ < 0
0 otherwise

(5.10.15)

5.11 HEAT AND MASS TRANSFER TO THE GROUND

DRIFT includes models for heat transfer between the cloud and the ground. Heat transfer may be
significant for initially cold clouds moving over a warmer substrate (ground or water). Although it
can be disabled by the user, the default in DRIFT is to include ground heat transfer for all thermo-
dynamic options except ‘isothermal’. Heat and mass transfer modelling for DRIFT’s continuous
model is directly analogous to the instantaneous model, with Aground in the instantaneous model
being replaced by Lground

5.12 PLUME MEANDER

5.12.1 Lateral

We shall adopt the plume meander model of Nielsen et al. [44] developed under the EU COFIN
Project. They present the following model for the effect of averaging time ts on the ‘fixed frame’
plume lateral standard deviation σy:

σ2
y(ts)− σ2

y(0) =
λσy(0)UT 3

t2s

(
1− ts/T +

1
2

(ts/T )2 − e−ts/T
)

(5.12.1)

where

σy(0) is the instantaneous plume width (as determined from relative diffusion)

T is a decay time, analogous to the Lagrangian time scale in random flight models

U is the plume advection speed (taken to equal Uw here)

λ is a constant

[44] report typical values of λ ∼ 0.2 and UT/σ(0) ∼ 30, but with considerable scatter observed
between different experiments.

5.12.2 Vertical

Plume meander is usually much less in the vertical than the lateral and hence vertical meander
is often ignored. An exception is in convective atmospheric conditions where the plume may
be transported in updrafts or downdrafts. The downward transport of an elevated plume may be
greatly enhanced under such conditions. The effects of the variation in the vertical component of
atmospheric velocity may be incorporated by undertaking multiple runs of the model sampling the
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vertical velocity w from a suitable probability distribution. This probability distribution is taken
from Weil et al. [61]:

pw =
2∑
i=1

λi√
2πσwi

exp
[
−(w − wi)2

2σ2
wi

]
(5.12.2)

with

w1

σw
=
γ1S

2
+

1
2

(
γ2

1S
2 +

4
γ2

)1/2

(5.12.3)

and

w2

σw
=
γ1S

2
− 1

2

(
γ2

1S
2 +

4
γ2

)1/2

(5.12.4)

where

γ1 =
1 +R2

1 + 3R2
(5.12.5)

and

γ2 = 1 +R2 (5.12.6)

The λi are given by

λ1 =
w2

w2 − w1
(5.12.7)

λ2 =
w1

w2 − w1
(5.12.8)

R = 2 and the skewness S = w3/σ3
w is parameterised by

S = 0.105
(
w∗
σw

)3

(5.12.9)

σw in the CBL is parameterised by

σ2
w = 3.6u2

∗ + 0.31w2
∗ (5.12.10)

49



50



6 THERMODYNAMICS

6.1 INTRODUCTION

DRIFT’s thermodynamics model is a differential homogeneous equilibrium model. Details of the
thermodynamic model derivation are given in [62]. The thermodynamics model as presented in
[62] represents a system at constant pressure, consisting of a mixture of component substances that
may be present in more than one phase. The composition of the mixture is allowed to vary due
to addition or removal of component substances. The model is applied to several specific cases
including:

• a two-phase contaminant dispersing in dry air;

• a two-phase contaminant that is immiscible with water dispersing in moist air;

• a two-phase contaminant that forms an ideal solution with water (i.e. obeys Raoult’s Law)
dispersing in moist air;

• ammonia dispersing in moist air;

• hydrogen fluoride dispersing in moist air.

In the case of ammonia, the heat of interaction and non-ideality of the solution are accounted for.
In the case of hydrogen fluoride these are also considered as well as its oligomerisation behaviour.

DRIFT neglects variation of ambient temperature, humidity and pressure. However, to deal with
elevated clouds we wish to relax these restrictions. In this chapter we specify the changes that
must be applied to the differential thermodynamic model in order to accommodate such ambient
variation.

Firstly, we note that the differential phase equilibrium model as given in [62] does not require
that the ambient temperature and humidity remain constant. Exactly the same equations apply
equally to a system where these are allowed to vary. An exception is where the system pressure
varies, which as we shall see introduces some additional terms to the thermodynamic equations.
We are motivated here by pressure variation due to changing height, however, the required changes
apply more generally to any applied pressure variation so long as the homogeneous equilibrium
approximation holds.

Variation of pressure affects the thermodynamic system in two ways:

1. The enthalpy of the mixture changes due to the pressure change;

2. The phase equilibrium is altered by a change in pressure.

We consider these separately in the following sections.
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6.2 ENTHALPY BALANCE

Reference [62] considers the changes to the total enthalpy of the cloud (C) due to sources (S),
deposition (D), ground heat (H) and mutual interactions (I) of component substances.

dHC = dHS + dHD + dHH + dHI for constant P

In the above air entrainment is simply a source term. When the system pressure is varied we need
to include an addition term dHP on the right

dHC = dHS + dHD + dHH + dHI + dHP

From the First Law of Thermodynamics dHP takes the from

dHP = V dP

where
V =

∑
ij

NijVij

is the total volume of the cloud. Following the notation in [62], the first index, i, represents the
substance and the second index, j, the phase, Nij is the number of moles and Vij is the molar
volume evaluated at the cloud temperature T and pressure P .

6.3 PHASE BALANCE

In the homogeneous equilibrium model, the mole fractions of vapour components are determined
from the saturated vapour pressures of the liquid constituents. For mixtures interacting in the
liquid phase these pressures depend on the composition of the liquid phase.

Reference [62] writes the phase balance for substance i in the form

xi = χi(T,Xi) (6.3.1)

where
xi = Niv/Ntv

and
Xi = NiL/NtL

are the vapour and liquid phase mole fractions for substance i respectively. χi is the saturated
vapour pressure Pi of substance i divided by the system pressure P

χi = Pi/P (6.3.2)

In writing the differential of (6.3.1) we must consider also the additional term arising from the
partial derivative of χi with respect to P∑

k

[(δik − xi) dNkv] /Ntv =
∑
k

[(δik −Xi) dNkL]χiX/NtL + χiT dT + χiP dP (6.3.3)

where χiX , χiT and χiP are the partial derivatives of χi. From (6.3.2)

χiP = −χi/P (6.3.4)
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6.4 ENTHALPY OF MIXING

The enthalpy associated the mixing of NgL moles of liquid contaminant with NwL moles of liquid
water is

HI = NtLfI(T,Xg, P )

where NtL = NgL +NwL is the total number of liquid moles and

Xg = NgL/NtL

is the liquid phase mole fraction of contaminant. The change dHI in the enthalpy of mixing
resulting from a small change in temperature (dT ), liquid content (dNgL, dNwL)or pressure (dP )
is

dHI = mgLdNgL +mwLdNwL +mT dT +mP dP

with

mgL = fI(T,Xg, P ) +XwfIX(T,Xg, P )
mwL = fI(T,Xg, P )−XgfIX(T,Xg, P )
mT = NtLfIT (T,Xg, P )
mP = NtLfIP (T,Xg, P )

where fIX , fIT and fIP are partial derivatives of fI with respect Xg, T and P .

6.5 HYDROGEN FLUORIDE OLIGOMERISATION

DRIFT adopts a so-called ‘1-2-6’ oligomerisation model for hydrogen fluoride in the liquid phase.
That is HF vapour is taken to exist as monomer (HF), dimer (H2F2) and hexamer (H6F6). The
vapour mole fractions of each of these states is denoted x1, x2 and x6 are related via equilibrium
relations

x1 = a1(T, P )x
x2 = a2(T, P )x2 (6.5.1)
x6 = a6(T, P )x6

Following Clough et al [63] a1 = 1 and x = x1 and the remaining ak are modelled according to

ak =
(
P

Pref

)k−1

exp
[
−
(
Sk
T

+Hk

)]
k = 2, 6 (6.5.2)

where P is the system pressure, Pref is a reference pressure (taken to be 1 Nm−2) and Sk and Hk

are the entropy and enthalpy change of oligomerisation taking the values in [62].

It is useful to define the pressure partial derivative of ak as

dk =
d

dP
ln(ak)

=
k − 1
P

(6.5.3)
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The differential oligomerisation equation coupling the rate of change of x to the other changes,
including pressure derivatives may be written

OgdNg,e +OwdNw,e +OT dT +Oxdx = OadNa +OP dP + dOSD (6.5.4)

with

OP = −F

[
(1− xg)

∑
k

kdkxk − Z
∑
k

dkxk

]
(6.5.5)

Z =
∑
k

kxk (6.5.6)

F = xg/Z (6.5.7)

dNi,e = −dNiL,e is the evaporation differential and the terms Og, Ow, OT , Ox, Oa, dOSD are
unchanged from their definitions in [62].

6.6 MATRIX EQUATIONS

DRIFT’s differential thermodynamics model reduces to a set of matrix equations which are in-
verted to give the rates of change of temperature (QT ) vaporisation rates Qg,e and Qw,e of con-
taminant and water, and in the case of hydrogen fluoride also the rate of change of monomer
vapour fraction. We show below how these matrix equations are augmented to allow for changing
system pressure at a rate QP .

6.6.1 Both liquids present

The matrix equations when both liquids are present is Gg Gw GT
Wg Ww WT

Eg Ew ET

 Qg,e
Qw,e
QT

 =

 Ga
Wa

Ea

Qa +

 GP
WP

EP

QP +

 QgSD
QwSD
QESD

 (6.6.1)

The coefficients multiplying the pressure derivative are

GP = −χgP (6.6.2)
WP = −χwP (6.6.3)

EP =
{
V [instantaneous]
v [continuous]

(6.6.4)

The remaining terms in (6.6.1) are as specified in [2, 1].

6.6.2 Liquid water only

The matrix equations when liquid water is present, but there is no contaminant liquid is(
Ww WT

Ew ET

)(
Qw,e
QT

)
=
(
Wa

Ea

)
Qa +

(
WP

EP

)
QP +

(
QwSD
QESD

)
(6.6.5)
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6.6.3 Liquid contaminant only

The matrix equations when liquid water is present, but there is no contaminant liquid is(
Gg GT
Eg ET

)(
Qg,e
QT

)
=
(
Ga
Ea

)
Qa +

(
GP
EP

)
QP +

(
QgSD
QESD

)
(6.6.6)

6.6.4 No liquid

The equation when no liquids are present is

ETQT = EaQa + EPQP +QESD (6.6.7)
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7 DISCUSSION

In this report we have shown how DRIFT’s ground-based model may be extended to incorporate
momentum, buoyant lift-off and buoyant rise. The model equations presented provide an initial
specification for the changes required. Since model development is an iterative process, it is likely
that further changes to the equations will be required - either in the light of comparisons with data
during validation, or due to software implementation constraints that are not immediately apparent
at the present stage.

DRIFT’s atmospheric profiles have been extended to include profiles of temperature and humidity.
The atmospheric profiles have also been extended to apply to the whole atmospheric boundary
layer rather than just the surface layer.

The basis of the lift-off modelling is that the cloud vertical motion is determined by the same
buoyancy force as for the elevated cloud. Comparisons [6] of the predictions from simple models
with URAHFREP data support this approach, except for wide sources where lift-off is suppressed.
We have included ‘added mass’ terms in vertical momentum equation to facilitate possible adjust-
ments to better account for this suppression of rise for wide sources. We intend to investigate this
further during the validation stage of the modelling.

The elevated buoyant plume model is chosen to be similar to other elevated plume models (e.g.
Tickle et al., [9], Ott [19]). The elevated buoyant puff model is based on the model of Turner [31].
The buoyant cloud is assumed to be trapped within the atmospheric boundary layer.

Passive spreading for the elevated cloud is based on a relative diffusion model due to Ott [19]).
Separate modelling for lateral plume meander is proposed.

Rather than instantaneously switching to an elevated model, we have allowed the model to
smoothly evolve between grounded and elevated phases. The advantage of this is that it min-
imises un-physical cliff-edge changes when switching between models. The price paid is some
additional (superficial) complexity in the model equations.

Some aspects of the model enhancements proposed here introduce significantly more complication
than for the ground-based model. These parts include

• Determination of the atmospheric temperature vertical variation from potential tempera-
ture and humidity profiles.

• Modification of the vertical concentration profile to match Wheatley’s elevated model.

• Undertaking multiple runs for probabilistic modelling of the plume trajectory in the con-
vective boundary layer.

• Allowance for the effect of the vertical variation of atmospheric pressure on the cloud
thermodynamics.

It may be beneficial to investigate further whether these aspects may be simplified without causing
modelling problems or complications.

57



58



8 REFERENCES

[1] D.M. Webber, S.J. Jones, G.A. Tickle, and T. Wren. A model of a dispersing dense gas cloud
and the computer implementation D*R*I*F*T. II. Steady continuous releases. Technical
Report SRD/HSE R587, AEA Technology, April 1992.

[2] D.M. Webber, S.J. Jones, G.A. Tickle, and T. Wren. A model of a dispersing dense gas cloud
and the computer implementation D*R*I*F*T. I. Near-instantaneous releases. Technical
Report SRD/HSE R586, AEA Technology, April 1992.

[3] S.J. Jones, A. Mercer, G.A. Tickle, D.M. Webber, and T. Wren. Initial verification and
validation of DRIFT. Technical Report SRD/HSE R580, AEA Technology, 1993.

[4] D.M. Webber, S.J. Jones, D. Martin, Tickle G.A., and T. Wren. Complex features in dense
gas dispersion modelling, Vols I and II. Technical Report AEA/CS/FLADIS/1994 Issue 1,
AEA Technology, 1994.

[5] S.R. Porter and C. Nussey. A summary of the URAHFREP project. Technical Report URAH-
FREP:PL 971152, Contract ENV4-Ct97-0630, HSE, 2001.

[6] G.A. Tickle. Integral modelling of the dilution and lift-off of ground based buoyant plumes
and comparison with wind tunnel data. Technical Report AEAT/NOIL/27328006/001 (R)
Issue 2, AEA Technology, June 2001. A deliverable produced under work package 7 of the
EC URAHFREP project, Contract No. ENV4-CT97-0630.

[7] D.J. Hall, Walker S., and Tily P.J. Puff rise from buoyant area sources at the ground. Tech-
nical Report BRE Client Report No: 202614, BRE, April 2001.

[8] D.J. Hall and Walker S. Plume rise from buoyant area sources at the ground. Technical
Report BRE Client Report No: 80921, BRE, February 2000.

[9] G.A. Tickle, D. Martin, and S.A. Ramsdale. EJECT - an integral model of a two-phase jet in
a cross-flow. theory manual for EJECT version 2.01. Technical Report AEAT-1517 Issue 2,
AEA Technology, 1998.

[10] G.A. Tickle. Extending EJECT to model ground based jets. Technical Report AEAT-2369
Issue 1, AEA Technology, 1998.

[11] G.A. Tickle. Validation studies for EJECT version 2. Technical Report AEAT-3901 Issue 1,
AEA Technology, 1998.

[12] S.R. Ramsdale and G.A. Tickle. Review of lift-off models for ground based buoyant clouds.
Technical Report AEAT-4262 Issue 2, AEA Technology, June 2001. A deliverable produced
under work package 7 of the EC URAHFREP project, Contract No. ENV4-CT97-0630.

[13] G. A. Briggs. Lift-off of buoyant gas initially on the ground. Technical Report ATDL
Contribution File, No. 87, TN 37831, ATDD/NOAA, Oak Ridge, 1973.

[14] S.R. Hanna, G.A. Briggs, and J.C. Chang. Lift-off of ground based buoyant plumes. Journal
of Hazardous Materials, 59:123–130, 1998.

[15] D.J. Hall and R.A. Waters. Further experiments on a buoyant emission from a building.
Client Report LR 567 (PA), Warren Springs Laboratory, 1986.

[16] D.J. Hall, V. Kukadia, S. Walker, and G.W. Marsland. Plume dispersion from chemical
warehouse fires. Client Report CR 56/95, Building Research Establishment, 1995.

59



[17] M. Nielsen. Dense gas dispersion in the atmosphere. Technical Report Risø-R-1030(EN),
Risø National Laboratory, September 1998.

[18] HGSYSTEM 3.0 Technical Reference. Technical report, Shell Research, 1994.

[19] S. Ott. An integral model for continuous HF releases. Technical Report Risø-R-1293(EN),
Risø National Laboratory, October 2001.

[20] G.A. Briggs. Atmospheric Science and Power Production, chapter 8. Plume Rise and Buoy-
ancy Effects. Number DOE/TIC-27601 (DE84005177. Technical Information Center, Office
of Scientific and Technical Information, United States Department of Energy.

[21] M. Schatzmann. An integral model of plume rise. Atmospheric Environment, 13:721–731,
1978.

[22] H.W.M. Witlox and A. Holt. A unified model for jet, heavy and passive dispersion including
droplet rainout and re-evaporation. In AIChE/CCPS International Conference, San Fran-
cisco. AIChE, CCPS, September 1999.

[23] J. Nikmo, J.-P. Tuovinen, J. Kukkonen, and I. Valkama. A hybrid plume model for local-scale
dispersion. Atmospheric Environment, 33:4389–4399, 1999.

[24] D. Martin, D.M. Webber, S.J. Jones, B.Y. Underwood, G.A. Tickle, and S.A. Ramsdale.
Near- and intermediate-field dispersion from strongly buoyant sources. Technical Report
AEAT/1388, AEA Technology, June 1997.

[25] A.G. Robins, D.D. Apsley, D.J. Carruthers, C.A. McHugh, and S.J. Dyster. Plume rise model
specification. Technical Report ADMS 3 P11/02N/05, CERC, July 2005.

[26] A.J. Cimorelli, S.G. Perry, A. Venkatram, J.C. Weil, R.J. Paine, R.B. Wilson, R.F. Lee,
W.D. Peters, R.W. Brode, and J.O. Paumier. AERMOD: Description of model formulation.
Technical Report EPA-454/R-03-004, US EPA, September 2004.

[27] J.M. Richards. Puff motions in unstratified surroundings. Journal of Fluid Mechanics,
21(Part 1), 1965.

[28] J.M. Richards. Inclined buoyant puffs. Journal of Fluid Mechanics, 32(Part 4), 1968.

[29] J.S. Turner. The motion of buoyant elements in turbulent surroundings. Journal of Fluid
Mechanics, 16:1–16, 1963.

[30] J.S. Turner. The flow into an expanding spherical vortex. Journal of Fluid Mechanics, 18(Part
2):195–208, 1964.

[31] J.S. Turner. The dynamics of spheroidal masses of buoyant fluid. Journal of Fluid Mechanics,
19:481–490, 1964.

[32] J.S. Turner. On the energy deficiency in self-preserving convective flows. Journal of Fluid
Mechanics, 53(Part 2):217–226, 1972.

[33] J.S. Turner. Buoyancy Effects in Fluids. Cambridge University Press, 1973.
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A ATMOSPHERIC TEMPERATURE PROFILES

In simple thermodynamic systems (e.g. mixtures of ideal gases) it is sufficient to adopt potential
temperature profiles and ignore the other effects of the variation of pressure with height. For
the complex thermodynamic models in DRIFT this is not so simple and we prefer to explicitly
include pressure terms in the enthalpy balance of the cloud. We use the temperature variation
with height implied by the potential temperature profiles given in Section 3.4 and the reduction
of pressure with height given by (3.5.1). In this appendix we derive differential equations relating
atmospheric temperature to potential temperature in a hydrostatic moist atmosphere.

A.1 DIFFERENTIAL EQUATIONS

Consider the enthalpy change of one mole of moist air subjected to an addition of heat dqh and a
change in atmospheric pressure dP . The resultant enthalpy change dh is given by the First Law of
Thermodynamics:

dh = dqh + vadP (A.1.1)

Regarding the enthalpy h as a function of temperature T , pressure, P and composition zij (where
i denotes the substance and j the phase) we also have

dh =
∂h

∂T
dT +

∂h

∂P
dP +

∑
ij

∂h

∂zij
dzij (A.1.2)

To a good approximation we may neglect the pressure partial derivative for moist air in the atmo-
spheric boundary layer (this is because the pressure partial derivative is zero for ideal gases and
the liquid volume is small compared with the vapour volume). In saturated conditions we shall in-
clude the effect of varying pressure on the water phase balance through the change dzij . Equating
(A.1.1) and (A.1.2) we find

CadT + hAdzA + hwvdzw − LwdzwL = dqh + vadP (A.1.3)

In the above we have used the identities

Ca =
(
∂h

∂T

)
P

(A.1.4)

Lw = hwv − hwL (A.1.5)
zw = zwv + zwL (A.1.6)

In unsaturated conditions (r < 1), we simply have

zwL = dzwL = 0 (A.1.7)

giving
dqh + vadP = CadT + hAdzA + hwvdzw (A.1.8)

In saturated conditions (r ≥ 1), phase balance for water implies

zwL = zw
P

P − P 0
vw(T )

(A.1.9)
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Differentiating (A.1.9) gives

dzwL =
P

P − P 0
vw

dzw −
zwP

(P − P 0
vw)2

[
dP − dP 0

vw

dT
dT
]

(A.1.10)

Substituting (A.1.10) into (A.1.3) we obtain

dqh + vadP =
[
Ca −

zwLw

(P − P 0
vw)2

dP 0
vw

dT

]
dT +

+ hAdzA +
[
hwv −

LwP

P − P 0
vw

]
dzw +

+
LwzwP

P − P 0
vw

dP (A.1.11)

Potential temperature θ is defined as the temperature of a parcel of air when taken isentropically
(i.e. with dqh/T = 0) from its current temperature T and pressure P to a standard reference
pressure Pref (usually 1000 mbar). We wish to relate the differential change in actual temperature
T to the differential change in potential temperature θ, accounting for the moisture content of the
air.

Equating the entropy change with height between the actual and potential systems we obtain for
the unsaturated system

1
T

[
Ca

dT
dz

+ hA
dzA
dz

+ hw
dzw
dz
− va

dP
dz

]
T,P

=

1
θ

[
Ca

dθ
dz

+ hA
dzA
dz

+ hw
dzw
dz

]
θ,Pref

(A.1.12)

where the subscript T, P and θ, Pref indicate the terms in the brackets are evaluated at these con-
ditions. Generally in the boundary layer θ ≈ T so that (A.1.12) simplifies to

1
T

[
Ca

dT
dz
− va

dP
dz

]
T,P

≈ 1
θ

[
Ca

dθ
dz

]
θ,Pref

(A.1.13)

which is the form commonly found in standard meteorological texts (e.g. [48, 49]). To better
match with DRIFT’s thermodynamic modelling, mainly with the aim of minimising differences
between the cloud thermodynamic model and the atmosphere thermodynamic model, we prefer to
adopt the more complicated form (A.1.12) rather than the simplified form (A.1.13). However, we
acknowledge that the additional terms in (A.1.12) are generally small.

Repeating the process for the saturated system we find

1
T

[{
Ca −

zwLwP

(P − P 0
vw)2

dP 0
vw

dT

}
dT
dz

+ hA
dzA
dz

+

+
{
hw −

LwP

P − P 0
vw

}
dzw
dz
−
{
va +

zwP

(P − P 0
vw)2

}
dP
dz

]
T,P

=
1
θ

[{
Ca −

zwLwP

(P − P 0
vw)2

dP 0
vw

dT

}
dθ
dz

+ hA
dzA
dz

+
{
hw −

LwP

P − P 0
vw

}
dzw
dz

]
θ,Pref

(A.1.14)

We also allow for two more cases below.
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When the air is unsaturated, but phase equilibrium implies the potential system is saturated 1:

1
T

[
Ca

dT
dz

+ hA
dzA
dz

+ hw
dzw
dz
− va

dP
dz

]
T,P

=

1
θ

[{
Ca −

zwLwP

(P − P 0
vw)2

dP 0
vw

dT

}
dT
dz

+ hA
dzA
dz

+
{
hw −

LwP

P − P 0
vw

}
dzw
dz

]
θ,Pref

(A.1.15)

When the air is saturated, but the potential system is unsaturated:

1
T

[{
Ca −

zwLwP

(P − P 0
vw)2

dP 0
vw

dT

}
dT
dz

+ hA
dzA
dz

+
{
hw −

LwP

P − P 0
vw

}
dzw
dz

−
{
va +

zwP

(P − P 0
vw)2

}
dP
dz

]
T,P

=
1
θ

[
Ca

dθ
dz

+ hA
dzA
dz

+ hw
dzw
dz

]
θ,Pref

(A.1.16)

The differential equations (A.1.12), (A.1.14), (A.1.15) and (A.1.16) are of the form we were seek-
ing - they relate the rate of change of temperature with height to the rate of change of potential
temperature and water content with height.

For zero surface heat flux (1/La = 0 and θ∗ = 0 ), the atmosphere is adiabatic and from the
potential temperature and humidity profile relations in Section 3.4 dθ/dz = 0, dqa/dz = 0 and
hence dzw/dz = 0. In this circumstance, as expected, equations (A.1.12), (A.1.14), (A.1.15) and
(A.1.16) simply imply dry or wet adiabatic lapse rates2 in temperature.

1Of course, since the potential system is hypothetical, we have the freedom to choose whether or not to impose
phase equilibrium there. To maintain as close a correspondence as possible between the potential and actual system, at
the expense of some additional terms, we choose to apply phase equilibrium here.

2The term lapse rate stands for −dT/dz.
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B WHEATLEY’S PASSIVE PUFF MODEL

B.1 SUMMARY OF THE MODEL

In Appendix 6 of [39] Wheatley shows how his ground-based passive puff model can be extended
to an elevated point source. We do not repeat his analysis here, but pull out some of the key
results and show how with minor modification this might be incorporated within DRIFT to allow
treatment of elevated passive releases.

[39] presents an approximate solution to the diffusion equation

∂C

∂t
+ U(z)

∂C

∂x
=

∂

∂z
K(z)

∂C

∂Z
(B.1.1)

with the following boundary conditions

C → 0 z →∞ (B.1.2)
C → 0 x→ ±∞ (B.1.3)

K
∂C

∂z
→ 0 z → 0 (B.1.4)

C → δ(zc)δ(x) t→ 0 (B.1.5)

representing a point source at elevation zc in a semi-infinite atmosphere with no flux from/to the
ground.

Ordinary differential equation solutions may be obtained by the method of moments - multiplying
by products of powers of x and z and integrating over all space.

[39] defines a longitudinal coordinate ξ relative to the leaning cloud axis

ξ = x− 〈x〉+ ζ (z − 〈z〉) (B.1.6)

with ζ the tangent of the angle between the cloud axis and the vertical.

Power law profiles for the variation of K and U with height are assumed:

K = K0z
m U = U0z

n (B.1.7)

and the concentration distribution is taken to be approximately separable

C = Cξ0C0z (B.1.8)

Wheatley gives the following solutions for the concentration field

Cξ0 =
1√

2πσξ
exp

(
−ξ2

2σ2
ξ

)
(B.1.9)

and

C0z =
(zcz)(s−2)/2

sτ
I−ν

(
2(zcz)s/2

s2τ

)
exp

(
−z

s
c + zs

s2τ

)
(B.1.10)
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where

s = 2−m , ν = 1− 1/s , τ = K0t (B.1.11)

I−ν is the modified Bessel function of the first kind of order −ν.

The solutions for the cloud motion and growth involve moments of C0z

〈zq〉 = Hq =
∫ ∞

0
zqC0zdz

=
(
s2τ
)q/s Γ ((q + 1)/s)

Γ(1/s)
M
(
−q/s, 1/s,−zsc/(s2τ)

)
(B.1.12)

M(a, b, z) is the confluent hypergeometric function. H0 = 1 by virtue of the normalisation of the
concentration.

The centroid motion is given by

d 〈z〉
dt

= −
∫ ∞

0
K
∂C0z

∂z
dz (B.1.13)

= mK0Hm−1 (B.1.14)
d 〈x〉

dt
= −

∫ ∞
0

UC0zdz (B.1.15)

= U0Hn (B.1.16)

The cloud growth and leaning is given by

σz
dσzζ

dt
= −

∫ ∞
0

(z − 〈z〉)UC0zdz − ζ
∫ ∞

0
KC0zdz (B.1.17)

= U0 (Hn+1 −H1Hn)− ζK0Hm (B.1.18)

σξ
dσξ
dt

= ζ2

∫ ∞
0

KC0zdz + σξ0
dσξ0

dt
(B.1.19)

= ζ2K0Hm + σξ0
dσξ0

dt
(B.1.20)

dσξ0/dt represents the rate of direct longitudinal diffusion.

The standard deviation σz of the vertical concentration distribution is given by

σ2
z =

〈
z2
〉
− 〈z〉2 = H2 −H2

1 (B.1.21)

Lateral diffusion is represented by a Gaussian distribution with standard deviation σy

C0y =
1√

2πσy
exp

(
−y2

2σ2
y

)
(B.1.22)

dσy/dt and dσξ0/dt are related to the atmospheric turbulent velocity fluctuations σv and σu

dσy
dt

= 0.3σv ,
dσξ0

dt
= 0.3σu (B.1.23)
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It is straightforward to show that in the limit zc → 0 the above solution tends to that for DRIFT’s
ground-based passive model [39]. It can also be shown that the solution results in a reflected
Gaussian profile in the limit of constant K and U . In Section B.5 we show how, at least in
principle, solutions may be obtained in the circumstance of finite fluxes at the upper and lower
boundaries.

B.2 INCORPORATING AS THE PASSIVE LIMIT IN DRIFT

We wish to define concentration profiles of the form

c(x, y, z, t) = Cm(t)Fh(ξ, y)Fv(z)

with
Fh(0, 0) = Fv(zc) = 1 (B.2.1)

so that Cm is the concentration at location rc = (xc, yc = 0, zc).

To match with the elevated passive puff model we define the vertical profile function

Fv(z) = C0z(z)/C0z(zc)

= F̃v(ẑ)/F̃v(ẑ) (B.2.2)

with

F̃v(ẑ) = s (ẑcẑ)
(s−1)/2 I−ν

(
(ẑẑc)s/2

)
exp (−ẑsc − ẑs) (B.2.3)

ẑ = z/a3 (B.2.4)
ẑc = zc/a3 (B.2.5)

where we have defined the vertical length scale a3 by substituting

as3 = s2τ = s2K0t (B.2.6)

in (B.1.10).

Taking the reference height for K and U to be the centroid height Z = 〈z〉, the power law profile
may be written

K0 = Kz/Z
m U0 = Uz/Z

n (B.2.7)

where Kz and Uz are the diffusivity and wind speed at height Z. Hence

as3 = s2KzZ
(s−2) (B.2.8)

The effective cloud height is

H =
∫ ∞

0
Fvdz

=
a

F̃v(ẑc)
(B.2.9)

Moments 〈zq〉 of Fv are given by (B.1.12).
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We can gain some insight into the behaviour of H by considering the constant K and U limit. In
this case H → π1/2a3 when elevated (zc → ∞) and H → π1/2a3/2 when grounded (zc → 0).
This behaviour is useful when it comes to defining a ‘top’ entrainment velocity from the identity

uT (passive) =
dH
dt

(B.2.10)

Defining H by (B.2.9) ensures that for the same da3/dt, uT (passive) has approximately twice the
value when elevated compared with when grounded. Hence the profile effectively accounts for
the geometrical factor of mixing being able to occur through both the top and bottom faces of the
cloud when elevated, but only the top when grounded.

From (B.2.9) and (B.2.8) an approximate expression for uT (passive) is

uT (passive) =
1

F̃v(ẑc)
da3

dt
(B.2.11)

where we have neglected the time derivative of F̃v(ẑc). For a constant zc, the time derivative
F̃v(ẑc) is zero for ground-based clouds, it is also small for very elevated clouds. Hence neglect of
this term appears reasonable when seeking an approximate interpolation between these regimes.
Neglecting the time derivative when zc itself varies is more difficult justify 1. We choose to neglect
this term because it is difficult to see how a change in zc with no change in a3 could constitute
dilution of the cloud. Also neglecting the time derivative of shape terms is consistent with DRIFT’s
formulation.

We may determine da3/dt from (B.2.8)

da3

dt
=
sKz

Z

(
Z

a3

)s−1

(B.2.12)

The horizontal concentration profile function is

Fh(ξ, y) = exp
[
−
(
(ξ/a1)2 + (y/a2)2

)w/2] (B.2.13)

with a1 and a2 being the length scales in the horizontal and vertical directions which is exactly the
same as for the ground-based DRIFT [2]. The passive limit corresponds to w → 2. The effective
cloud areaA and effective half-axesR1 andR2 are unchanged from [2] as are the relations between
Rj and σj (j = 1, 2). The spreading velocities are

U2(passive) =
dR2

dt
=

2Γ(1 + 2/w)

[Γ(1 + 4/w)]1/2
0.3σv (B.2.14)

which is also unchanged. However γ1 in

U1(passive) =
dR1

dt
=

2Γ(1 + 2/w)

[Γ(1 + 4/w)]1/2
dσξ
dt

=
4 [Γ(1 + 2/w)]2

Γ(1 + 4/w)
1
R1

[
γ1ζ

2Kz + 0.3σξ0σu
]

(B.2.15)

differs and is given by

γ1 =
Hm

Hm
1

=
Γ ((3− s)/s) [Γ(1/s)]1−s

[Γ(2/s)]2−s
M (2/s− 1, 1/s,−ẑsc)

[M (−1/s, 1/s,−ẑsc)]
2−s (B.2.16)

1Strictly the source height should be constant for the passive model to be applied.
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B.3 CLOUDS WITH VERTICAL EXTENT LESS THAN CENTROID HEIGHT

A limitation of K-theory models, such as Wheatley’s passive puff model is that K-theory is inap-
propriate when the cloud extent (in this case vertical extent) is less than the characteristic eddy
size implied by the diffusivity (in this case the height above the ground). This is not a problem
for a ground-based puff where the centroid height (at which K is determined) grows with the
depth of the cloud. However, this is a problem for an elevated cloud where the centroid height is
determined by factors other than the growth in depth. A way around this is to revert to an alterna-
tive passive model when zc/a3 grows larger than 1. This somewhat negates the usefulness of the
elevated passive puff model given in the previous section. However, the K-theory elevated puff
model might still provide a useful framework, since in the limit of constantK and U with height it
yields Gaussian dispersion. In this case we can specify the vertical growth by noting the following
correspondence between Kz and σz

Kz = σz
dσz
dt

(B.3.1)

Hence, we can use an alternative model for σz e.g. as a function of travel time, to specify Kz and
da3/dt for use with the elevated passive model.

B.4 APPLICATION TO ATMOSPHERIC LAYERS ABOVE THE SURFACE LAYER

The vertical concentration profile shape depends upon the parameter swhich is related by (B.1.11)
to the power law index of diffusivity m. Further general profiles of K and U are incorporated by
fitting to the centroid height values using (B.2.7). The accuracy of this approximation relies on
the profiles of K and U changing only slowly with height. Section 3 gives profiles of K and U
based on scaling models of the atmospheric boundary layer above the surface layer. Although the
profiles of K and U given in in Section 3 are continuous, their gradients may be discontinuous at
boundaries between layers. Such discontinuous changes in gradient would lead to a discontinuous
change in the profile parameters resulting in an undesirable instantaneous change in shape for
the whole vertical concentration profile. A possible way to smooth over such discontinuities by
determining s from

s =
∑

i si∆zi∑
i ∆zi

(B.4.1)

where ∆zi is the thickness of layer i (the whole layer thickness if the centroid height Z is above
the top of the layer, otherwise the thickness in the layer up to Z), si is a representative value for
the layer (determined from (B.2.7) using the gradient near the top of the layer if Z is above the top
of the layer, otherwise from (B.2.7) using the gradient at Z).

B.5 ALLOWING FOR DIFFERENT FLUX CONDITIONS AT UPPER AND LOWER
BOUNDARIES

A general solution for the diffusion equation (B.1.1) is [39]:

C0z =
∑
∀λ

(AλJν(Yλ) +BλJ−ν(Yλ)) zsν/2e−λτ (B.5.1)

where:

Yλ =
2
√
λ

s
zs/2 , τ = K0τ , ν = 1− 1/s (B.5.2)

73



The values of λ are determined from the boundary conditions. In the case of the semi-infinite
regime studied earlier, λ takes a continuum of positive values and can be integrated out via a
Laplace transform to yield the profile given in (B.1.10). More generally, values of λ will form a
series of discrete values, parameterised by an integer, n. In this more general case the concentra-
tion profile will take the form:

C0z =
∑
n

(AnJν(Yn) +BnJ−ν(Yn)) zsν/2e−λnτ (B.5.3)

with:

Yn =
2
√
λn
s

zs/2 (B.5.4)

In this section we are interested in the atmospheric boundary layer height h above the surface
of the ground. We wish to allow only a limited amount of material to penetrate this boundary.
In addition, we allow deposition of material into the ground itself. The appropriate boundary
conditions are:

lim
z→0

{
zmC ′0z − v−C0z

}
= 0 (B.5.5)

hm C ′0z
∣∣
z=h
− v+ C0z|z=h = 0 (B.5.6)

where ′ denotes d/dz, h is the height of the boundary layer and m = 2− s. The initial condition
is the same as in the earlier case:

lim
t→0

C0z = δ(z − zc) (B.5.7)

Imposing these boundary conditions yields the three equations. The first of these can be used to
solve for the λn:√

λnh
1/2C ′nν (Ynh) +

[
s− 1

2
h−(s−1)/2 − v+h(s−1)/2

]
Cnν (Ynh) = 0 (B.5.8)

where:

Cnν = AnJν +BnJ−ν , Ynh =
2
√
λnh

s/2

s
(B.5.9)

The next equation relates An and Bn:

An =
Bnv−
s− 1

Γ(1 + ν)
Γ(1− ν)

(
s2

λn

)ν
(B.5.10)

The final equation can be used to solve for Bn (and hence An) directly for a given solution of
(B.5.8): [

v+h
s−1(v+hs−1 + 1− s) + λnh

s
]
C2
nν(Ynh) = λnsz

(s−1)/2
c Cnν(Ynzc)

(B.5.11)
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